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Preface

The International Mathematical Olympiad (IMO) exists for more than 50 years and
has already created a very rich legacy and firmly established itself as the most presti-
gious mathematical competition in which a high-school student could aspire to par-
ticipate. Apart from the opportunity to tackle interesting and very challenging math-
ematical problems, the IMO represents a great opportunity for high-school students
to see how they measure up against students from the rest of the world. Perhaps even
more importantly, it is an opportunity to make friends and socialize with students
who have similar interests, possibly even to become acquainted with their future col-
leagues on this first leg of their journey into the world of professional and scientific
mathematics. Above all, however pleasing or disappointing the final score may be,
preparing for an IMO and participating in one is an adventure that will undoubtedly
linger in one’s memory for the rest of one’s life. It is to the high-school-aged aspiring
mathematician and IMO participant that we devote this entire book.

The goal of this book is to include all problems ever shortlisted for the IMOs in
a single volume. Up to this point, only scattered manuscripts traded among different
teams have been available, and a number of manuscripts were lost for many years or
unavailable to many.

In this book, all manuscripts have been collected into a single compendium of
mathematics problems of the kind that usually appear on the IMOs. Therefore, we
believe that this book will be the definitive and authoritative source for high-school
students preparing for the IMO, and we suspect that it will be of particular benefit in
countries lacking adequate preparation literature. A high-school student could spend
an enjoyable year going through the numerous problems and novel ideas presented
in the solutions and emerge ready to tackle even the most difficult problems on an
IMO. In addition, the skill acquired in the process of successfully attacking difficult
mathematics problems will prove to be invaluable in a serious and prosperous career
in mathematics.

However, we must caution our aspiring IMO participant on the use of this book.
Any book of problems, no matter how large, quickly depletes itself if the reader
merely glances at a problem and then five minutes later, having determined that the
problem seems unsolvable, glances at the solution.
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The authors therefore propose the following plan for working through the book.
Each problem is to be attempted at least half an hour before the reader looks at
the solution. The reader is strongly encouraged to keep trying to solve the problem
without looking at the solution as long as he or she is coming up with fresh ideas
and possibilities for solving the problem. Only after all venues seem to have been
exhausted is the reader to look at the solution, and then only in order to study it
in close detail, carefully noting any previously unseen ideas or methods used. To
condense the subject matter of this already very large book, most solutions have
been streamlined, omitting obvious derivations and algebraic manipulations. Thus,
reading the solutions requires a certain mathematical maturity, and in any case, the
solutions, especially in geometry, are intended to be followed through with pencil
and paper, the reader filling in all the omitted details. We highly recommend that
the reader mark such unsolved problems and return to them in a few months to see
whether they can be solved this time without looking at the solutions. We believe this
to be the most efficient and systematic way (as with any book of problems) to raise
one’s level of skill and mathematical maturity.

We now leave our reader with final words of encouragement to persist in this
journey even when the difficulties seem insurmountable and a sincere wish to the
reader for all mathematical success one can hope to aspire to.

Belgrade, Dusan Djukic¢
November 2010 Viadimir Jankovi¢
Ivan Mati¢

Nikola Petrovic¢

Over the previous years we have created the website: www . imomath . com.
There you can find the most current information regarding the book, the list of de-
tected errors with corrections, and the results from the previous olympiads. This site
also contains problems from other competitions and olympiads, and a collection of
training materials for students preparing for competitions.

We are aware that this book may still contain errors. If you find any, please notify
us at imomath@gmail.com. If you have any questions, comments, or sugges-
tions regarding both our book and our website, please do not hesitate to write to us
at the above email address. We would be more than happy to hear from you.
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1

Introduction

1.1 The International Mathematical Olympiad

The International Mathematical Olympiad (IMO) is the most important and presti-
gious mathematical competition for high-school students. It has played a significant
role in generating wide interest in mathematics among high school students, as well
as identifying talent.

In the beginning, the IMO was a much smaller competition than it is today. In
1959, the following seven countries gathered to compete in the first IMO: Bulgaria,
Czechoslovakia, German Democratic Republic, Hungary, Poland, Romania, and the
Soviet Union. Since then, the competition has been held annually. Gradually, other
Eastern-block countries, countries from Western Europe, and ultimately numerous
countries from around the world and every continent joined in. (The only year in
which the IMO was not held was 1980, when for financial reasons no one stepped
in to host it. Today this is hardly a problem, and hosts are lined up several years in
advance.) In the 50th IMO, held in Bremen, no fewer than 104 countries took part.

The format of the competition quickly became stable and unchanging. Each
country may send up to six contestants and each contestant competes individually
(without any help or collaboration). The country also sends a team leader, who par-
ticipates in problem selection and is thus isolated from the rest of the team until the
end of the competition, and a deputy leader, who looks after the contestants.

The IMO competition lasts two days. On each day students are given four and a
half hours to solve three problems, for a total of six problems. The first problem is
usually the easiest on each day and the last problem the hardest, though there have
been many notable exceptions. (IMO96-5) is one of the most difficult problems
from all the Olympiads, having been fully solved by only six students out of several
hundred!) Each problem is worth 7 points, making 42 points the maximum possible
score. The number of points obtained by a contestant on each problem is the result of
intense negotiations and, ultimately, agreement among the problem coordinators, as-
signed by the host country, and the team leader and deputy, who defend the interests
of their contestants. This system ensures a relatively objective grade that is seldom
off by more than two or three points.

D. Djuki¢ et al., The IMO Compendium, Problem Books in Mathematics, 1
DOI 10.1007/978-1-4419-9854-5 1, © Springer Science + Business Media, LLC 2011



2 1 Introduction

Though countries naturally compare each other’s scores, only individual prizes,
namely medals and honorable mentions, are awarded on the IMO. Fewer than one
twelfth of participants are awarded the gold medal, fewer than one fourth are awarded
the gold or silver medal, and fewer than one half are awarded the gold, silver or
bronze medal. Among the students not awarded a medal, those who score 7 points on
at least one problem are awarded an honorable mention. This system of determining
awards works rather well. It ensures, on the one hand, strict criteria and appropriate
recognition for each level of performance, giving every contestant something to strive
for. On the other hand, it also ensures a good degree of generosity that does not
greatly depend on the variable difficulty of the problems proposed.

According to the statistics, the hardest Olympiad was that in 1971, followed by
those in 1996, 1993, and 1999. The Olympiad in which the winning team received
the lowest score was that in 1977, followed by those in 1960 and 1999.

The selection of the problems consists of several steps. Participant countries send
their proposals, which are supposed to be novel, to the IMO organizers. The organiz-
ing country does not propose problems. From the received proposals (the longlisted
problems), the problem committee selects a shorter list (the shortlisted problems),
which is presented to the IMO jury, consisting of all the team leaders. From the
short-listed problems the jury chooses six problems for the IMO.

Apart from its mathematical and competitive side, the IMO is also a very large
social event. After their work is done, the students have three days to enjoy events
and excursions organized by the host country, as well as to interact and socialize
with IMO participants from around the world. All this makes for a truly memorable
experience.

1.2 The IMO Compendium

Olympiad problems have been published in many books [97]. However, the remain-
ing shortlisted and longlisted problems have not been systematically collected and
published, and therefore many of them are unknown to mathematicians interested in
this subject. Some partial collections of shortlisted and longlisted problems can be
found in the references, though usually only for one year. References [1], [39], [57],
[88] contain problems from multiple years. In total, these books cover roughly 50%
of the problems found in this book.

The goal of this book is to present, in a single volume, our comprehensive col-
lection of problems proposed for the IMO. It consists of all problems selected for
the IMO competitions, shortlisted problems from the 10th IMO and from the 12th
through 50th IMOs, and longlisted problems from twenty IMOs. We do not have
shortlisted problems from the 9th and the 11th IMOs, and we could not discover
whether competition problems at those two IMOs were selected from the longlisted
problems or whether there existed shortlisted problems that have not been preserved.
Since IMO organizers usually do not distribute longlisted problems to the representa-
tives of participant countries, our collection is incomplete. The practice of distribut-
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ing these longlists effectively ended in 1989. A selection of problems from the first
eight IMOs has been taken from [88].

The book is organized as follows. For each year, the problems that were given on
the IMO contest are presented, along with the longlisted and/or shortlisted problems,
if applicable. We present solutions to all shortlisted problems. The problems appear-
ing on the IMOs are solved among the other shortlisted problems. The longlisted
problems have not been provided with solutions, except for the two IMOs held in
Yugoslavia (for patriotic reasons), since that would have made the book unreason-
ably long. This book has thus the added benefit for professors and team coaches of
being a suitable book from which to assign problems. For each problem, we indi-
cate the country that proposed it with a three-letter code. A complete list of country
codes and the corresponding countries is given in the appendix. In all shortlists, we
also indicate which problems were selected for the contest. We occasionally make
references in our solutions to other problems in a straightforward way. After indicat-
ing with LL, SL, or IMO whether the problem is from a longlist, shortlist, or contest,
we indicate the year of the IMO and then the number of the problem. For example,
(SL89-15) refers to the fifteenth problem of the shortlist of 1989.

We also present a rough list of all formulas and theorems not obviously derivable
that were called upon in our proofs. Since we were largely concerned with only the
theorems used in proving the problems of this book, we believe that the list is a good
compilation of the most useful theorems for IMO problem solving.

The gathering of such a large collection of problems into a book required a mas-
sive amount of editing. We reformulated the problems whose original formulations
were not precise or clear. We translated the problems that were not in English. Some
of the solutions are taken from the author of the problem or other sources, while oth-
ers are original solutions of the authors of this book. Many of the non-original solu-
tions were significantly edited before being included. We do not make any guarantee
that the problems in this book fully correspond to the actual shortlisted or longlisted
problems. However, we believe this book to be the closest possible approximation to
such a list.
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Basic Concepts and Facts

The following is a list of the most basic concepts and theorems frequently used in
this book. We encourage the reader to become familiar with them and perhaps read
up on them further in other literature.

2.1 Algebra

2.1.1 Polynomials

Theorem 2.1. The quadratic equation ax* +bx+c =0 (a,b,c € R, a # 0) has solu-

tions

—b+Vb% —4dac
2a ’
The discriminant D of a quadratic equation is defined as D = b> — 4ac. For D < 0 the
solutions are complex and conjugate to each other, for D = 0 the solutions degenerate
to one real solution, and for D > 0 the equation has two distinct real solutions.

X2 =

Definition 2.2. Binomial coefficients (}), n,k € No, k < n, are defined as

n\ n!
i) il(n—i)
They satisfy () + (,",) = ("Tl) fori>0andalso (j) + (1) +---+ (1) =2 () —
(D) + D) =0, () =2 () () (0 = Zjmo (557).
Theorem 2.3 ((Newton’s) binomial formula). For x,y € C andn € N,
(x+y)'=> (?)x”iyi.
i=0

Theorem 2.4 (Bézout’s theorem). A polynomial P(x) is divisible by the binomial
x—a(a€C)ifandonly if P(a) =0.

D. Djuki¢ et al., The IMO Compendium, Problem Books in Mathematics, 5
DOI 10.1007/978-1-4419-9854-5_2, © Springer Science + Business Media, LLC 2011
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Theorem 2.5 (The rational root theorem). If x = p/q is a rational zero of a poly-
nomial P(x) = a,x" + - - -+ ag with integer coefficients and (p,q) = 1, then p | ag and
q|an.

Theorem 2.6 (The fundamental theorem of algebra). Every nonconstant polyno-
mial with coefficients in C has a complex root.

Theorem 2.7 (Eisenstein’s criterion (extended)). Let P(x) = a,x" + -+ +ajx+ag
be a polynomial with integer coefficients. If there exist a prime p and an integer
ke {0,1,...,n—1} such that p | ag,ay,...,ar, pfar,1, and p*{ ao, then there exists
an irreducible factor Q(x) of P(x) whose degree is greater than k. In particular, if p
can be chosen such that k =n — 1, then P(x) is irreducible.

Definition 2.8. Symmetric polynomials in xi,...,x, are polynomials that do not
change on permuting the variables x,...,x,. Elementary symmetric polynomials
are O (x1,...,%,) = XX, ---x;, (the sum is over all k-element subsets {iy,...,i} of

{1,2,....n}).

Theorem 2.9. Every symmetric polynomial in x|, ... ,x, can be expressed as a poly-
nomial in the elementary symmetric polynomials oy, ..., Oy,.

Theorem 2.10 (Viete’s formulas). Let oy, ..., 0, and ¢y, . .. ,c, be complex numbers
such that

(X7(X1)(X7(X2)~H(X7OC,,):X'Z+C1)«,ﬂ71+C2)cn72+~“+Cn.
Then ¢, = (—Dkor (o, ..., 00) fork=1,2,....n.

Theorem 2.11 (Newton’s formulas on symmetric polynomials). Ler 6; = oy (x],
ooy Xy) and let s = x’f —|—x§ + - —l—xﬁ, where x1,...,x, are arbitrary complex num-
bers. Then

ko = 5101 — 52002+ + (= 1)fsi_ o1 + (= 1) sy

2.1.2 Recurrence Relations

Definition 2.12. A recurrence relation is a relation that determines the elements of a
sequence x,, n € Ny, as a function of previous elements. A recurrence relation of the
form

(Vn>k) xp+aixp—1+-+ax,—x =0

for constants ay,...,ay is called a linear homogeneous recurrence relation of order
k. We define the characteristic polynomial of the relation as P(x) = xf 4+ a;x*~1 +
<t ay.

Theorem 2.13. Using the notation introduced in the above definition, let P(x) factor-
ize as P(x) = (x— o )¥1 (x— )2 - - (x — 0, )}, where o, . .. , @ are distinct complex
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numbers and k., . ..k, are positive integers. The general solution of this recurrence
relation is in this case given by

X = pi(n)oq + pa(n)og + -+ pr(n)oy,

where p; is a polynomial of degree less than k;. In particular, if P(x) has k distinct
roots, then all p; are constant.

If xo,...,Xx_1 are set, then the coefficients of the polynomials are uniquely deter-
mined.

2.1.3 Inequalities

Theorem 2.14. The squaring function is always positive; i.e., (Vx € R) x> > 0. By
substituting different expressions for x, many of the inequalities below are obtained.

Theorem 2.15 (Bernoulli’s inequalities).
1. If n > 1 is an integer and x > —1 a real number; then (1 +x)" > 1+ nx.

2. Ifa>1ora <0, then for x > —1, the following inequality holds: (1+x)* >
I+ oux.

3. If a € (0,1) then for x > —1 the following inequality holds: (1+x)* < 1+ ox.

Theorem 2.16 (The mean inequalities). For positive real numbers x1, xa, ..., X, it
is always the case that QM > AM > GM > HM, where

oM — x%+...+x% AM_xl+...+xn
\/ n ’ N n ’

n
GM = /3%, HM = ———.
1

Tty
Each of these inequalities becomes an equality if and only if x1 = x; = -+ = Xy.
The numbers QM, AM, GM, and HM are respectively called the quadratic mean, the
arithmetic mean, the geometric mean, and the harmonic mean of x1,x2, ..., Xp.
Theorem 2.17 (The general mean inequality). Let x,. .., x, be positive real num-
bers. For each p € R we define the mean of order p of x1,...,x, by
"y (x’f+---+xf§>l/”
n

for p#0, and My, =1im,_., M, for q € {+ee,0}. Then
M, <M, whenever p<gq.

Remark. In particular, maxx;, OM, AM, GM, HM, and minx; are M.., M, My, My,
M_1, and M_., respectively.
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Theorem 2.18 (Cauchy—Schwarz inequality). Let a;,b;, i =1,2,....n, be real num-

bers. Then
n 2 n n
(Bom) < () (34)
i=1 i=1 i=1

Equality occurs if and only if there exists ¢ € R such that b; = ca; fori=1,...,n.

Theorem 2.19 (Holder’s inequality). Let a;,b;, i = 1,2,....n, be nonnegative real
numbers, and let p,q be positive real numbers such that 1/p+1/q= 1. Then

M M p s, 1/q
San<(Sa) (£o) -
i=1 i=1 i=1

Equality occurs if and only if there exists ¢ € R such that b; = ca;fori=1,...,n. The
Cauchy-Schwarz inequality is a special case of Holder’s inequality for p = q = 2.

Theorem 2.20 (Minkowski’s inequality). Let a;,b; (i = 1,2,...,n) be nonnegative
real numbers and p any real number not smaller than 1. Then

n 1/p n 1/p n 1/p
(z<az-+bi>ﬂ) S(Zaf) +<be> .
i=1 i=1 i=1

For p > 1 equality occurs if and only if there exists ¢ € R such that b; = ca; for
i=1,...,n. For p =1 equality occurs in all cases.

Theorem 2.21 (Chebyshev’s inequality). Let a; > a, > -+ > a, and by > by >
-+- > by, be real numbers. Then

n n n n
nY aib; > (Zm) (Zh) >nY aibyii—i.
i-1 =1 i1 i1

The two inequalities become equalities at the same time when a; = ay = --- = a, or
bi=by=---=b,.

Definition 2.22. A real function f defined on an interval I is convex if f(ox+ By) <
of(x)+ Bf(y) forall x,y € and all &, f > 0 such that o + 3 = 1. A function f is
said to be concave if the opposite inequality holds, i.e., if —f is convex.

Theorem 2.23. If f is continuous on an interval I, then f is convex on that interval

if and only if
f<x42ry) < f(X);Lf(y)

forallx,y 1.

Theorem 2.24. If f is differentiable, then it is convex if and only if the derivative f’
is nondecreasing. Similarly, differentiable function f is concave if and only if f' is
nonincreasing.
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Theorem 2.25 (Jensen’s inequality). If f : I — R is a convex function, then the
inequality
f(alxl +-+ anxn) < alf<xl) +eet anf(xn)

holds for all 0; >0, oy +-- -+ o, = 1, and x; € I. For a concave function the opposite

inequality holds.

Theorem 2.26 (Muirhead’s inequality). Given x|,x;,...,x, € R" and an n-tuple
a=(ay,...,ay) of positive real numbers, we define

Ta()q,. .. 7-xn) = zytlll o 'yznv

the sum being taken over all permutations yy,...,y, of x1,...,x,. We say that an n-
tuple a majorizes an n-tuple b ifa; +---+a, =by+---+b, and a; +--- +a; >
bi+---+ by foreachk =1,...,n— 1. If a nonincreasing n-tuple a majorizes a non-
increasing n-tuple b, then the following inequality holds:

Ta(x1,. . yxn) > To(x1, ...y Xn)-
Equality occurs if and only if x1 =x3 = -+ = X,.
Theorem 2.27 (Schur’s inequality). Using the notation introduced for Muirhead’s
inequality,
T3 420,0,0(X1,%2,X3) + T3y g (X1,%2,X3) > 2T 4y 0(X1,%2,X3),

where & € R, u > 0. Equality occurs if and only if x; = x; = x3 or x; = x, x3 =0
(and in analogous cases). An equivalent form of the Schur’s inequality is

(k=) (= 2H) O =) M — ) (@ -t () 2 0.

2.1.4 Groups and Fields

Definition 2.28. A group is a nonempty set G equipped with a binary operation *
satisfying the following conditions:

(1) ax(bxc)=(axb)xcforall a,b,c € G.

(i1) There exists a (unique) identity e € G such thatexa =axe=a foralla € G.

(iii) For each a € G there exists a (unique) inverse a'=beGsuchthat axb =
bxa=e.

If n € Z, we define a”" as a*a*---*a (n times) if n > 0, and as (a~!) ™" otherwise.

Definition 2.29. A group & = (G, ) is commutative or abelian if axb = bx*a for all
a,beaG.

Definition 2.30. A set A generates a group (G, *) if every element of G can be ob-
tained using powers of the elements of A and the operation *. In other words, if A is
the generator of a group G, then every element g € G can be written as a’ll ook ain
where a; € Aandi; € Z forevery j =1,2,...,n.
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Definition 2.31. The order of an element a € G is the smallest n € N, if it exists such
that " = e. If no such n exists then the element a is said to be of infinite order. The
order of a group is the number of its elements, if it is finite. Each element of a finite
group has finite order.

Theorem 2.32 (Lagrange’s theorem). In a finite group, the order of an element
divides the order of the group.

Definition 2.33. A ring is a nonempty set R equipped with two operations + and -
such that (R, +) is an abelian group and for any a,b,c € R,

() (a-b)-c=a-(b-c);
(ii)) (a+b)-c=a-c+b-candc-(a+b)=c-a+c-b.

A ring is commutative if a-b = b-a for any a,b € R and with identity if there exists
a multiplicative identity i € R such thati-a=a-i=aforalla € R.

Definition 2.34. A field is a commutative ring with identity in which every element

a other than the additive identity has a multiplicative inverse a~' such thata-a~! =

ala=i.

Theorem 2.35. The following are common examples of groups, rings, and fields:

Groups: (Zn,+), (Zp \{0},-), (Q,+), (R, +), (R\ {0},").
Rings: (Zna+)')’ (Z7+")’ (Z[x]’+7')’ (R[x}a""_")'
Fields: (ZP7+7')’ (Q7+a')’ (Q(\/z)v_h)’ (Rv_h')’ ((Ca+7')'

2.2 Analysis

Definition 2.36. A sequence {a,};_; of real numbers has a limit a = lim, ...a,
(also denoted by a, — a) if

(Ve > 0)(Ine e N)(Vn > ng) lan —al < €.
A function f: (a,b) — R has a limit y = lim,_. f(x) if
(Ve >0)(30 >0)(Vx € (a,0)) 0< [x—c| < d=|f(x)—y| <e&.

Definition 2.37. A sequence {x,} converges to x € R if lim,_,.x, = x. A series
S| x, converges to s € R if and only if lim,,—.. X x, = 5. A sequence or series
that does not converge is said to diverge.

Theorem 2.38. A sequence {a,} of real numbers is convergent if it is monotonic and
bounded.
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Definition 2.39. A function f is continuous on [a,b] if the following three relations
hold:

1im f(x) =/ (x), forevery ¥ € (a.b).
lim () =/(a),
and lim f(x) =f(b)

Definition 2.40. A function f : (a,b) — R is differentiable at a point xy € (a,b) if
the following limit exists:

) — tim 01 0)

X—X0 X — _XO

A function is differentiable on (a,b) if it is differentiable at every xo € (a,b). The
function f” is called the derivative of f. We similarly define the second derivative f”
as the derivative of f’, and so on.

Theorem 2.41. A differentiable function is also continuous. If f and g are differen-
tiable, then fg, oof +Bg (o, B €R), fog, 1/f (if f #0), £~ (if well defined) are
also differentiable. It holds that (o.f + Bg) = o.f'+ Bg’, (fg) = f'g+fg, (fog) =
(frog)-g (1)) ==F/f (f18) = (f'g—f&)/&* (f1) =1/(f o f7).

Theorem 2.42. The following are derivatives of some elementary functions (a de-
notes a real constant): (x*)' = ax*~!, (Inx)’ = 1/x, (¢*)' = a*Ina, (sinx)’ = cosx,
(cosx)’ = —sinx.

Theorem 2.43 (Fermat’s theorem). Let f : [a,b] — R be a continuous function that
is differentiable at every point of (a,b). The function f attains its maximum and
minimum in [a,b. If xo € (a,b) is a number at which the extremum is attained (i.e.,
f(x0) is the maximum or minimum), then f’(xg) = 0.

Theorem 2.44 (Rolle’s theorem). Ler f(x) be a continuous function defined on
[a,b], where a,b € R, a < b, and f(a) = f(b). If f is differentiable in (a,b), then
there exists ¢ € (a,b) such that f'(c) = 0.

Definition 2.45. Differentiable functions fi, f>,..., fr defined on an open subset D
of R are independent if there is no nonzero differentiable function F : R* — R such
that F(f1,..., fi) is identically zero on some open subset of D.

Theorem 2.46. Functions f,..., fr : D — R are independent if and only if the k x n
matrix [ fi/dx;i j is of rank k, i.e., when its k rows are linearly independent at some
point.
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Theorem 2.47 (Lagrange multipliers). Let D be an open subset of R" and f, fi, f2,
.., fr : D — R independent differentiable functions. Assume that a point a in D is
an extremum of the function f within the set of points in D for which fi = f, =--- =
fx = 0. Then there exist real numbers Ay, ..., A; (so-called Lagrange multipliers)
such that a is a stationary point of the function F = f + A f1 + -+ + M Jr Le., such
that all partial derivatives of F' at a are zero.

Definition 2.48. Let f be a real function defined on [a,b] and leta =xp < x; < -+ <
x, = b and & € [x¢_1,x¢]. The sum S = ¥}, (xx — xx—1)f (&) is called a Darboux
sum. If I =limg_,( S exists (where 6 = maxy (xx —x¢—1)), we say that f is integrable
and that / is its integral. Every continuous function is integrable on a finite interval.

2.3 Geometry

2.3.1 Triangle Geometry

Definition 2.49. The orthocenter of a triangle is the common point of its three alti-
tudes.

Definition 2.50. The circumcenter of a triangle is the center of its circumscribed
circle (i.e., circumcircle). It is the common point of the perpendicular bisectors of
the sides of the triangle.

Definition 2.51. The incenter of a triangle is the center of its inscribed circle (i.e.,
incircle). It is the common point of the internal bisectors of its angles.

Definition 2.52. The centroid of a triangle (median point) is the common point of
its medians.

Theorem 2.53. The orthocenter, circumcenter, incenter, and centroid are well de-
fined (and unique) for every nondegenerate triangle.

Theorem 2.54 (Euler’s line). The orthocenter I-L cent@ G, and circumcenter O
of an arbitrary triangle lie on a line and satisfy HG = 2GO.

Theorem 2.55 (The nine-point circle). The feet of the altitudes from A, B, C and the
midpoints of AB, BC, CA, AH, BH, CH lie on a circle.

Theorem 2.56 (Feuerbach’s theorem). The nine-point circle of a triangle is tangent
to the incircle and all three excircles of the triangle.

Theorem 2.57 (Torricelli’s point). Given a triangle NABC, let NABC', NAB'C,
and NA'BC be equilateral triangles constructed outward. Then AA', BB', CC' inter-
sect in one point.

Definition 2.58. Let ABC be a triangle, P a point, and X, Y, Z respectively the feet of
the perpendiculars from P to BC, AC, AB. Triangle XY Z is called the pedal triangle
of AABC corresponding to point P.
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Theorem 2.59 (Simson’s line). The pedal triangle XYZ is degenerate, i.e., X, Y, Z
are collinear, if and only if P lies on the circumcircle of ABC. Points X, Y, Z are in
this case said to lie on Simson’s line.

Theorem 2.60. If M is a point on the circumcircle of ANABC with orthocenter H,
then the Simson’s line corresponding to M bisects the segment MH.

Theorem 2.61 (Carnot’s theorem). The perpendiculars from X,Y,Z to BC,CA,AB
respectively are concurrent if and only if

BX%2 - XC®+CY?— YA +AZ2—-7ZB%=0.

Theorem 2.62 (Desargues’s theorem). Ler A{B;Cy and A,B>Cy be two triangles.
The lines A1Ay, B1By, C\Cy are concurrent or mutually parallel if and only if the
points A = B1C1 N ByCy, B=C1A1 NCA,, and C = A1B1 NA,B; are collinear:

Definition 2.63. Given a point C in the plane and a real number r, a homothety with
center C and coefficient r is a mapping of the plane that sends each point A to the

—
point A’ such that CA’ = kCA.

Theorem 2.64. Let ki, ko, and k3 be three circles. Then the three external similitude
centers of these three circles are collinear (the external similitude center is the center
of the homothety with positive coefficient that maps one circle to the other). Similarly,
two internal similitude centers are collinear with the third external similitude center.

All variants of the previous theorem can be directly obtained from the Desar-
gues’s theorem applied to the following two triangles: the first triangle is determined
by the centers of kj, ky, k3, while the second triangle is determined by the points of
tangency of an appropriately chosen circle that is tangent to all three of ki, k>, k3.

2.3.2 Vectors in Geometry

N

Definition 2.65. For any two vectors @, b in space, we define the scalar product
_ = ., = R

(also known as dot product) of '@ and b as @ - b =|d || b|cos@, and the vector

— —

product (also known as cross product) as @ x b = p, where ¢ = Z(d, b ) and
—

7 is the vector with | p'| = | @’|| b || sin | perpendicular to the plane determined by

— —
@ and b such that the triple of vectors @, b, p is positively oriented (note that
—

if @ and b are collinear, then a x b = 0). Both these products are linear with

respect to both factors. The scalar product is commutative, while the vector product is
—

=
anticommutative, i.e., @ X b = — b x @ . We also define the mixed vector product
— — —
of three vectors @, b, ¢ as[a, b,c|=(ad x b)-C.
— _)>

Remark. The scalar product of vectors @ and Z) is often denoted by (@,

Theorem 2.66 (Thales’ theorem). Let lines AA’ and BB' intersect in a point O, A #

—

O # B'. Then AB||A'B < A — % (Here —%v denotes the ratio of two nonzero

OA'

collinear vectors).
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Theorem 2.67 (Ceva’s theorem). Let ABC be a triangle and X, Y, Z points on lines
BC, CA, AB respectively, distinct from A,B,C. Then the lines AX, BY, CZ are con-
current if and only if

— = —
BX CY AZ | alent] sin £ BAX sin £CBY sin LACZ
—_— = == = or equivatieniLry, —; " " =
e va zp 4 Y §in ZXAC sin LY BA sin ZZCB

(the last expression being called the trigonometric form of Ceva’s theorem).

Theorem 2.68 (Menelaus’s theorem). Using the notation introduced for Ceva’s
theorem, points X,Y,Z are collinear if and only if

—_— — —
BX CY AZ
— ==
XC YA ZB
Theorem 2.69 (Stewart’s theorem). If D is an arbitrary point on the line BC, then

AD” = —BD"+ —CD” —BD-DC.
BC BC

Specifically, if D is the midpoint of BC, then 4AD?> = 2AB* +2AC? — BC?.

2.3.3 Barycenters
Definition 2.70. A mass point (A,m) is a point A that is assigned a mass m > 0.

Definition 2.71. The center of mass (barycenter) of the set of mass points (A;,m;),
— —
i=1,2,...,n,is the point 7 such that },;m;TA; = 0.

Theorem 2.72 (Leibniz’s theorem). Let T be the mass center of the set of mass
points {(A;,m;) | i =1,2,...,n} of total mass m = my +---+my,, and let X be an
arbitrary point. Then

n n
miXA} =Y mTA} +mXT?.
i=1 i=1

= =

Specifically, if T is the centroid of ANABC and X an arbitrary point, then

AX?+BX?+CX? =AT*+BT?> +CT?* +3XT?.

2.3.4 Quadrilaterals

Theorem 2.73. A quadrilateral ABCD is cyclic (i.e., there exists a circumcircle of
ABCD,) if and only if ZACB = ZADB and if and only if ZADC + ZABC = 180°.
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Theorem 2.74 (Ptolemy’s theorem). A convex quadrilateral ABCD is cyclic if and

only if
AC-BD =AB-CD+AD-BC.

For an arbitrary quadrilateral ABCD we have Ptolemy’s inequality (see 2.3.7, Geo-
metric Inequalities).

Theorem 2.75 (Casey’s theorem). Let ky, ky, k3, and k4 be four circles that all touch
a given circle k. Let t;j be the length of a segment determined by an external common
tangent of circles k; and k;j (i, j € {1,2,3,4}) if both k; and kj touch k internally, or
both touch k externally. Otherwise, t;; is set to be the internal common tangent. Then
one of the products t1xt34, t13t4, and t14t3 is the sum of the other two.

Some of the circles ky, kn, k3, k4 may be degenerate, i.e., of 0 radius, and thus
reduced to being points. In particular, for three points A, B, C on a circle k and a
circle k' touching k at a point on the arc of AC not containing B, we have AC - b =
AB-c+a-BC, where a, b, and c are the lengths of the tangent segments from points
A, B, and C to k'. Ptolemy’s theorem is a special case of Casey’s theorem when all
Sfour circles are degenerate.

Theorem 2.76. A convex quadrilateral ABCD is tangent (i.e., there exists an incircle
of ABCD) if and only if
AB+CD = BC+ DA.

Theorem 2.77. For arbitrary points A,B,C,D in space, AC L BD if and only if
AB® +CD? = BC* + DA”.

Theorem 2.78 (Newton’s theorem). Let ABCD be a quadrilateral, ADNBC = E,
and ABNDC = F (such points A,B,C,D,E,F form a complete quadrilateral). Then
the midpoints of AC, BD, and EF are collinear. If ABCD is tangent, then the incenter
also lies on this line.

Theorem 2.79 (Brocard’s theorem). Let ABCD be a quadrilateral inscribed in a
circle with center O, and let P=ABNCD, Q = ADNBC, R=ACNBD. Then O is
the orthocenter of APQR.

2.3.5 Circle Geometry

Theorem 2.80 (Pascal’s theorem). If A;,A,,A3,B,By, B3 are distinct points on a
conic Y (e.g., circle), then points X| = A2B3 NA3B2, Xo = A1B3NA3By, and X3 =
A1ByNA,Bj are collinear. The special result when 7y consists of two lines is called
Pappus’s theorem.

Theorem 2.81 (Brianchon’s theorem). Let ABCDEF be a convex hexagon. If a
conic (e.g., circle) can be inscribed in ABCDEF, then AD, BE, and CF meet in a
point.
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Theorem 2.82 (The butterfly theorem). Let AB be a chord of a circle k and C its
midpoint. Let p and q be two different lines through C that, respectively, intersect k
on one side of AB in P and Q and on the otherin P' and Q'. Let E and F respectively
be the intersections of PQ' and P'Q with AB. Then it follows that CE = CF.

Definition 2.83. The power of a point X with respect to a circle k(O,r) is defined
by Z(X) = OX? — r. For an arbitrary line [ through X that intersects k at A and B

(A = B when [ is a tangent), it follows that #(X) = XA-XB.

Definition 2.84. The radical axis of two circles is the locus of points that have
equal powers with respect to both circles. The radical axis of circles k1 (O, r;) and
k»(03, 1) is a line perpendicular to O;0,. The radical axes of three distinct circles
are concurrent or mutually parallel. If concurrent, the intersection of the three axes
is called the radical center.

Definition 2.85. The pole of a line [ # O with respect to a circle k(O, r) is a point A
on the other side of / from O such that OA | [ and d(0,1)- OA = r?. In particular, if /
intersects k in two points, its pole will be the intersection of the tangents to k at these
two points.

Definition 2.86. The polar of the point A from the previous definition is the line /.
In particular, if A is a point outside k and AM, AN are tangents to k (M,N € k), then
MN is the polar of A.

Poles and polars are generally defined in a similar way with respect to arbitrary
nondegenerate conics.

Theorem 2.87. If A belongs to the polar of B, then B belongs to the polar of A.

2.3.6 Inversion

Definition 2.88. An inversion of the plane 7 about the circle k(O, r) (which belongs
to ) is a transformation of the set \{O} onto itself such that every point P is
transformed into a point P’ on the ray (OP such that OP - OP' = r?. In the following
statements we implicitly assume exclusion of O.

Theorem 2.89. The fixed points of an inversion about a circle k are on the circle k.
The inside of k is transformed into the outside and vice versa.

Theorem 2.90. If A, B transform into A’, B' after an inversion about a circle k, then
Z0OAB = ZOB'A’, and also ABB'A’ is cyclic and perpendicular to k. A circle perpen-
dicular to k transforms into itself. Inversion preserves angles between continuous
curves (which includes lines and circles).

Theorem 2.91. An inversion transforms lines not containing O into circles contain-
ing O, lines containing O into themselves, circles not containing O into circles not
containing O, circles containing O into lines not containing O.
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2.3.7 Geometric Inequalities

Theorem 2.92 (The triangle inequality). For any three points A, B, C, AB+ BC >
AC. Equality occurs when A, B, C are collinear and B is between A and C. In the
sequel we will use (A, B,C) to emphasize that B is between A and C.

Theorem 2.93 (Ptolemy’s inequality). For any four points A, B, C, D,
AC-BD <AB-CD+AD-BC.
Theorem 2.94 (The parallelogram inequality). For any four points A, B, C, D,
AB® + BC? + CD* + DA* > AC* + BD".
Equality occurs if and only if ABCD is a parallelogram.

Theorem 2.95. For a given triangle NABC the point X for which AX +BX + CX is
minimal is Toricelli’s point when all angles of NABC are less than or equal to 120°,
and is the vertex of the obtuse angle otherwise. The point X, for which AX22 —|—BX22 +
CX22 is minimal is the centroid (see Leibniz’s theorem).

Theorem 2.96 (The Erdgs—Mordell inequality). Let P be a point in the interior of
ANABC and X ,Y,Z projections of P onto BC,AC,AB, respectively. Then

PA+ PB+ PC > 2(PX + PY + PZ).

Equality holds if and only if ANABC is equilateral and P is its center.

2.3.8 Trigonometry

Definition 2.97. The trigonometric circle is the unit circle centered at the origin O of
a coordinate plane. Let A be the point (1,0) and P(x,y) a point on the trigonometric
circle such that LAOP = o.. We define sina =y, cos ot = x, tan &t = y/x, and cotox =

x/y.

Theorem 2.98. The functions sin and cos are periodic with period 2r. The func-
tions tan and cot are periodic with period m. The following simple identities hold:
sin®x+cos?>x = 1, sin0 = sin7 = 0, sin(—x) = — sinx, cos(—x) = cosx, sin(7/2) =
1, sin(zr/4) = 1/v/2, sin(n/6) = 1/2, cosx = sin(n/2 — x). From these identities
other identities can be easily derived.

Theorem 2.99. Additive formulas for trigonometric functions:

sin(oc+ ) = sinacosf £cosasinfB, cos(a+ ) = cosocosf Fsinosinf,

_ tanozttanf __ cotacotBFl
tan(oc =) = TFano@p’ cot(x £ ) = “cotatcotf -
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Theorem 2.100. Formulas for trigonometric functions of 2x and 3x:

sin2x = 2sinxcosx, sin3x = 3sinx —4sin’x,
cos2x = 2cos’x—1,  cos3x = 4cos’x—3cosx,
__ _2tanx _ 3tanx—tan’x
tan2x = T tan3x = ST
Theorem 2.101. For any x € R, sinx = 1i—tt2 and cosx = 1+ L, wheret = tan 5

Theorem 2.102. Transformations from product to sum:
2cosocosfB = cos(o+ fB) + cos(a — B),
2sinoccos B = sin(a+ f) +sin(a — f),
2sinasin§ = cos(o — ) —cos(a + fB).
Theorem 2.103. The angles o, B, 7 of a triangle satisfy

cos? o +cos® B+ cos®> y+2cosacos fcosy = 1,
tan o + tan 3 + tany = tan octan 3 tan y.

Theorem 2.104 (De Moivre’s formula). If 2= —1, then

(cosx+isinx)" = cosnx + isinnx.

2.3.9 Formulas in Geometry

Theorem 2.105 (Heron’s formula). The area of a triangle ABC with sides a,b,c
and semiperimeter s is given by

S=+/s(s—a)(s—b)(s—c)= \/2a2b2+2a262+2b202—a4 b*—c*.

Theorem 2.106 (The law of sines). The sides a,b,c and angles o, 3,y of a triangle

ABC satisfy
a b c

R,
sinc. _ sin B siny
where R is the circumradius of NABC.

Theorem 2.107 (The law of cosines). The sides and angles of ANABC satisfy

¢ = a® 4+ b* —2abcos Y-
Theorem 2. 108 The circumradius R and inradius r of a triangle ABC satisfy R =
P and r = =R(coso+cosf +cosy—1). If x,y,z denote the distances of the

a5 a+b+c
circumcenter in an acute triangle to the sides, then x+y+z=R+r.

Theorem 2.109 (Euler’s formula). If O and I are the circumcenter and incenter of
NABC, then OI* = R(R — 2r), where R and r are respectively the circumradius and
the inradius of NABC. Consequently, R > 2r.



2.4 Number Theory 19

Theorem 2.110. If a, b, ¢, d are lengths of the sides of a convex quadrilateral, p its
semiperimeter, and o, and 7y two non-adjacent angles of the quadrilateral, then its
area S is given by

§= W —a)(p—b)(p—c)(p—d) —abedcos* =
If the quadrilateral is cyclic, the above formula reduces to

S=\(p—a)p—b)(p—c)(p—a).

Theorem 2.111 (Euler’s theorem for pedal triangles). Let X,Y,Z be the feet of
the perpendiculars from a point P to the sides of a triangle ABC. Let O denote the
circumcenter and R the circumradius of AABC. Then

1 oP?
SXYZ:_‘I_—Z

Sasc -
I R |PABC

Moreover, Sxyz = 0 if and only if P lies on the circumcircle of AABC (see Simson’s
line).

N
Theorem 2.112. If @ = (ay,as,a3), b = (by,by,b3), € = (c1,ca,c3) are three vec-
tors in coordinate space, then

L, . =
a-b =ayby+ayby+ azbs, axb :(albg—azbl,a2b3—a3b2,a3b| —a|b3),

- ay ay as
[7, b ,?] =det | by by b3
C1 €2 C3

Here detM denotes the determinant of the square matrix M.

Theorem 2.113. The area of a triangle ABC and the volume of a tetrahedron ABCD

e = = = .
are equal to 5|AB x AC| and ’ {AB,AC ,AD} , respectively.

Theorem 2.114 (Cavalieri’s principle). If the sections of two solids by the same
plane always have equal area, then the volumes of the two solids are equal.

2.4 Number Theory

2.4.1 Divisibility and Congruences

Definition 2.115. The greatest common divisor (a,b) = ged(a,b) of a,b € N is the
largest positive integer that divides both a and b. Positive integers a and b are coprime
or relatively prime if (a,b) = 1. The least common multiple [a,b] = lcm(a,b) of
a,b € N is the smallest positive integer that is divisible by both a and b. It holds
that [a,b](a,b) = ab. The above concepts are easily generalized to more than two
numbers; i.e., we also define (aj,ay,...,a,) and [ay,as,...,a,).
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Theorem 2.116 (Euclidean algorithm). Since (a,b) = (|a —b|,a) = (|la—b|,b), it
follows that starting from positive integers a and b one eventually obtains (a,b) by
repeatedly replacing a and b with |a — b| and min{a,b} until the two numbers are
equal. The algorithm can be generalized to more than two numbers.

Theorem 2.117 (Corollary to Euclidean algorithm). For each a,b € N there exist
X,y € Z such that ax+ by = (a,b). The number (a,b) is the smallest positive number
for which such x and y can be found.

Theorem 2.118 (Second corollary to Euclid’s algorithm). For a,m,n € N and a >
1 it follows that (a" — 1,a" — 1) = a™") — 1.

Theorem 2.119 (Fundamental theorem of arithmetic). Every positive integer can
be uniquely represented as a product of primes, up to their order.

Theorem 2.120. The fundamental theorem of arithmetic also holds in some other
rings, such as Z[i) = {a+bi| a,b € .}, Z|\/2), Z[\/=2], Z[w] (where  is a complex
third root of 1). In these cases, the factorization into primes is unique up to the order
and divisors of 1.

Definition 2.121. Integers a, b are congruent modulon € N if n | a — b. We then write
a = b (mod n).

Theorem 2.122 (Chinese remainder theorem). If m,ms,...,my; are positive in-
tegers pairwise relatively prime and ay,...,ay, ci,...,C, are integers such that
(ai,m;)) =1 (i=1,...,k), then the system of congruences

aix=c; (modm;), i=1,2,...k,

has a unique solution modulo mymy - - - my.

2.4.2 Exponential Congruences
Theorem 2.123 (Wilson’s theorem). If p is a prime, then p | (p — 1)! + 1.

Theorem 2.124 (Fermat’s (little) theorem). Let p be a prime number and a an
integer with (a,p) = 1. Then a?~' = 1 (mod p). This theorem is a special case of
Euler’s theorem.

Definition 2.125. Euler’s function ¢ (n) is defined for n € N as the number of positive
integers less than or equal to n and coprime to n. It holds that

ow-a(-2)(-2)

oy - . . . .
where n = p‘f‘1 -+ p,* is the factorization of n into primes.

Theorem 2.126 (Euler’s theorem). Let n be a natural number and a an integer with
(a,n) = 1. Then a®™ = 1 (mod n).
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Theorem 2.127 (Existence of primitive roots). Let p be a prime number. There
exists g € {1,2,...,p — 1} (called a primitive root modulo p) such that the set
{1,8,8%,....8" %Y isequalto {1,2, ..., p— 1} modulo p.

Definition 2.128. Let p be a prime and o a nonnegative integer. We say that p*
the exact power of p that divides an integer a (and o the exact exponent) if p* | a
and p®*la.

Theorem 2.129. Let a and n be positive integers and p an odd prime. If p* (o € N)
is the exact power of p that divides a — 1, then for any integer B >0, p®*P | a" —1
if and only if pP | n. (See (SL97-14).)

A similar statement holds for p = 2. If 2% (0w € N) is the exact power of 2 that
divides a* — 1, then for any integer B > 0, 2°tB | &' — 1 if and only if 2P+ | n. (See
(SL89-27).)

2.4.3 Quadratic Diophantine Equations

Theorem 2.130. The solutions of a>+b> = ¢? in integers are given by a =t(m* —n?),
b = 2tmn, ¢ = t(m*> + n*) (provided that b is even), where t,m,n € Z. The triples
(a,b,c) are called Pythagorean (or primitive Pythagorean if gcd(a,b,c) = 1).

Definition 2.131. Given D € N that is not a perfect square, a Pell’s equation is an
equation of the form x> — Dy? = 1, where x,y € Z.

Theorem 2.132. If (xo,y0) is the least (nontrivial) solution in N of the Pell’s equation
x? — Dy* = 1, then all the nontrivial integer solutions (x,y) are given by x+yvD =
+(x0 +yov/D)", where n € 7.

Definition 2.133. An integer a is a quadratic residue modulo a prime p if there exists
x € Z such that x> = a (mod p). Otherwise, a is a quadratic nonresidue modulo p.

Definition 2.134. The Legendre symbol for an integer a and a prime p is defined by

4 1 if a is a quadratic residue mod p and p t a;
(—) =< 0 ifp|a;
p —1 otherwise.

Clearly (

ie. (%)

Theorem 2.135 (Euler’s criterion). For each odd prime p and integer a not divisible
by p, T = (%) (mod p).

) (%) and (%) = 1if pta. The Legendre symbol is multiplicative,
b
P

Theorem 2.136. For a prime p > 3, (* ) (%) (—) are equal to 1 if and
dp

onlyif p=1(mod4), p= =1 (mod 8) and p =1 (mod 6), respectively.
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Theorem 2.137 (Gauss’s reciprocity law). For any two distinct odd primes p and

q, we have that
p q -1 g1
- — ) =(=1)72 2.
(5)(3)-cn

Definition 2.138. Jacobi symbol for an integer a and an odd positive integer b is

defined as
(0] Ol
(4)= <_> <_>
b P1 )
O

where b = p‘f‘l -+ p," is the factorization of b into primes.

Theorem 2.139. If (%) = —1, then a is a quadratic nonresidue modulo b, but the
converse is false. All the above identities for Legendre symbols except Euler’s crite-
rion remain true for Jacobi symbols.

2.4.4 Farey Sequences

Definition 2.140. For any positive integer n, the Farey sequence F, is the sequence
of rational numbers a/b with 0 < a < b < n and (a,b) = 1 arranged in increasing
01121

order. For instance, F3 ={7,3,7,5,7/-

Theorem 2.141. If p1/q1, p2/q2, and p3/qs are three successive terms in a Farey
sequence, then
pitprs_p2

p2q1—pi1g2 =1 and .
Q+q  q2

2.5 Combinatorics

2.5.1 Counting of Objects

Many combinatorial problems involving the counting of objects satisfying a given
set of properties can be properly reduced to an application of one of the following
concepts.

Definition 2.142. A variation of order n over k is a 1-to—1 mapping of {1,2,... k}
into {1,2,...,n}. For a given n and k, where n > k, the number of different variations
. n!

is V= =

Definition 2.143. A variation with repetition of order n over k is an arbitrary map-
ping of {1,2,...,k} into {1,2,...,n}. For a given n and k the number of different

- . B
variations with repetitionis V, = k".

Definition 2.144. A permutation of order n is a bijection of {1,2,...,n} into itself (a
special case of variation for k = n). For a given n the number of different permutations
is B, =n!.
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Definition 2.145. A combination of order n over k is a k-element subset of {1,2, ...,
n}. For a given n and k the number of different combinations is Ck = (Z)

Definition 2.146. A permutation with repetition of order n is a bijection of {1,2, ...,
n} into a multiset of n elements. A multiset is defined to be a set in which certain
elements are deemed mutually indistinguishable (for example, as in {1,1,2,3}).

If {ki,ka,...,ks} denotes the set of distinct elements in a multiset and the ele-
ment k; appears ¢; times in the multiset, then number of different permutations with
repetitionis P, g, . .0 = WZ%, A combination is a special case of permutation
with repetition for a multiset with two different elements.

Theorem 2.147 (The pigeonhole principle). If a set of nk+ 1 different elements is
partitioned into n mutually disjoint subsets, then at least one subset will contain at
least k+ 1 elements.

Theorem 2.148 (The inclusion—exclusion principle). Let S|, S>,...,S, be a family
of subsets of the set S. The number of elements of S contained in none of the subsets
is given by the formula

IS\(S1U---US,)| = |S|— 2 S o =DMNs NS,

=11<i1<--<ix<n

2.5.2 Graph Theory

Definition 2.149. A graph G = (V,E) is a set of objects, i.e., vertices, V paired with
the multiset E of some pairs of elements of V, i.e., edges. When (x,y) € E, for x,y €
V, the vertices x and y are said to be connected by an edge; i.e., the vertices are the
endpoints of the edge.

A graph for which the multiset £ reduces to a proper set (i.e., each pair of vertices
are connected by at most one edge) and for which no vertex is connected to itself is
called a simple graph.

A finite graph is one in which |E| and |V| are finite.

Definition 2.150. An oriented graph is one in which the pairs in E are ordered.

Definition 2.151. The simple graph K, consisting of n vertices and in which each
pair of vertices is connected is called a complete graph.

Definition 2.152. A k-partite graph (bipartite for k = 2) K, ;,....;, is a graph whose
set of vertices V can be partitioned into kK nonempty disjoint subsets of cardinalities
i1,02,...,ix such that each vertex x in a subset W of V is connected only with the
vertices not in W.

Definition 2.153. Given a bipartite graph (V,E), let W and M be a partition of its
set of vertices (you can think of W as a set of women and M a set of men). Assume
that |W| < |M|. A marriage is an injective map f : W — M for which (w, f(w)) € E
for everyw e W.
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Theorem 2.154 (Hall’s marriage theorem). Let W, M be a partition of the set of
vertices of a bipartite graph. There exists a marriage f : W — M if and only if for
every U CW the number |U| is not greater than the total number of neighbors of U
inside M.

Definition 2.155. The degree d(x) of a vertex x is the number of times x is the end-
point of an edge (thus, self-connecting edges are counted twice for corresponding
vertices). An isolated vertex is one with degree 0.

Theorem 2.156. For a graph G = (V,E) the following identity holds:

Y d(x) =2|E|.

xeV

As a consequence, the number of vertices of odd degree is even.

Definition 2.157. A trajectory (path) of a graph is a finite sequence of vertices, each

connected to the previous one. The length of a trajectory is the number of edges

through which it passes. A circuit is a path that ends in the starting vertex. A cycle is

a circuit in which no vertex appears more than once (except the initial/final vertex).
A graph is connected if there exists a trajectory between any two vertices.

Definition 2.158. A subgraph G' = (V' ,E’) of a graph G = (V, E) is a graph such that
V! CV and E’ contains exactly the edges of E connecting points in V'. A connected
component of a graph is a connected subgraph such that no vertex of the subgraph is
connected with any vertex outside of the subgraph.

Definition 2.159. A tree is a connected graph that contains no cycles.

Theorem 2.160. A tree with n vertices has exactly n — 1 edges and at least two ver-
tices of degree 1.

Definition 2.161. An Euler path is a path in which each edge appears exactly once.
Likewise, an Euler circuit is an Euler path that is also a circuit.

Theorem 2.162. The following conditions are necessary and sufficient for a finite
connected graph G to have an Euler path:

e The graph contains an Euler circuit if and only if each vertex has even degree.

o The graph contains an Euler path if and only if the number of vertices of odd
degree is either 0 or 2 (in the latter case the path starts and ends in the two odd
vertices).

Definition 2.163. A Hamiltonian circuit is a circuit that contains each vertex of G
exactly once (trivially, it is also a cycle).

A simple rule to determine whether a graph contains a Hamiltonian circuit has
not yet been discovered.
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Theorem 2.164 (Ore’s theorem). Let G be a graph with n vertices. If the sum of the
degrees of any two nonadjacent vertices in G is greater than or equal to n, then G
has a Hamiltonian circuit.

Theorem 2.165 (Ramsey’s theorem). Let r > 1 and q1,q>, . ..,qs > r. There exists
a minimal positive integer N(q1,q2,...,qs;r) such that for n > N, if all subgraphs
K, of K,, are partitioned into s different sets, labeled Ay,A; ... ,As, then for some i
there exists a complete subgraph K, whose subgraphs K, all belong to A;. For r =2
this corresponds to coloring the edges of K, with s different colors and looking for a
monochromatic subgraph Ky, in color i.

Theorem 2.166. N(p,q;r) < N(N(p—1,q;r),N(p,q— 1;r);r— 1)+ 1, and in par-
ticular, N(p,q;2) <N(p—1,¢;2)+N(p,q— 1;2).

The following values of N are known: N(p,q;1) =p+q—1, N(2,p;2) = p,
N(3,3:2) = 6, N(3,4:2) = 9, N(3,5;2) = 14, N(3,6;2) = 18 N(3,7:2) = 23,
N(3,8:2) = 28, N(3,9:2) = 36, N(4,4;2) = 18, N(4,5:2) =

Theorem 2.167 (Turan’s theorem). If a simple graph on n = t(p — 1) + r vertices

2
(0 <r < p—1) has more than f(n,p) = %
as a subgraph. The graph containing f(n,p) edges that does not contain K, is the
complete multipartite graph with r parts with t + 1 vertices, and p — 1 — r parts with

t vertices.

edges, then it contains K,

Definition 2.168. A planar graph is one that can be embedded in a plane such that
its vertices are represented by points and its edges by lines (not necessarily straight)
connecting the vertices such that no two edges intersect each other.

Theorem 2.169. A planar graph with n vertices has at most 3n — 6 edges.

Theorem 2.170 (Kuratowski’s theorem). Graphs Ks and K3 3 are not planar. Every
nonplanar graph contains a subgraph that can be obtained from one of these two
graphs by a subdivison of its edges.

Theorem 2.171 (Euler’s formula). For a given convex polyhedron let E be the
number of its edges, F the number of faces, and V the number of vertices. Then
E 42 =F +V. The same formula holds for a connected planar graph (F is in this
case equal to the number of planar regions).
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Problems

3.1 The First IMO
Bucharest-Brasov, Romania, July 23-31, 1959

3.1.1 Contest Problems

First Day

21n+4
14n+3

1. (POL) For every integer n prove that the fraction
further.

cannot be reduced any

2. (ROU) For which real numbers x do the following equations hold:

(a) \/x+\/2x— 1—|—\/x—\/2x— 1=v2,
b)) Vx+vV2x—1+Vx—v2x—1=1,
© Vx+vV2xr—1+Vx—2x—1=27

3. (HUN) Let x be an angle and let the real numbers a, b, ¢, cosx satisfy the
following equation:

acos’x+bcosx+c=0.

Write the analogous quadratic equation for a, b, ¢, cos2x. Compare the given
and the obtained equality fora=4,b=2,c=—1.

Second Day

4. (HUN) Construct a right-angled triangle whose hypotenuse c is given if it is
known that the median from the right angle equals the geometric mean of the
remaining two sides of the triangle.

5. (ROU) A segment AB is given and on it a point M. On the same side of
AB squares AMKD and BMFE are constructed. The circumcircles of the two
squares, whose centers are P and Q, intersect in M and another point N.

(a) Prove that lines FA and BC intersect at N.

D. Djuki¢ et al., The IMO Compendium, Problem Books in Mathematics, 27
DOI 10.1007/978-1-4419-9854-5_3, © Springer Science + Business Media, LLC 2011
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(b) Prove that all such constructed lines MN pass through the same point S,
regardless of the selection of M.

(c) Find the locus of the midpoints of all segments PQ, as M varies along the
segment AB.

6. (CZS) Let o and B be two planes intersecting at a line p. In ¢ a point A is given
and in f3 a point C is given, neither of which lies on p. Construct B in o and D
in 3 such that ABCD is an equilateral trapezoid, AB || CD, in which a circle can
be inscribed.
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3.2 The Second IMO
Bucharest-Sinaia, Romania, July 18-25, 1960

3.2.1 Contest Problems

First Day

1. (BGR) Find all the three-digit numbers for which one obtains, when dividing
the number by 11, the sum of the squares of the digits of the initial number.

2. (HUN) For which real numbers x does the following inequality hold:

42
<20+ 97

(1—+v142x)

3. (ROU) A right-angled triangle ABC is given for which the hypotenuse BC has
length a and is divided into n equal segments, where n is odd. Let & be the angle
with which the point A sees the segment containing the middle of the hypotenuse.

Prove that
4nh

tanQ = ————
an (n2—1)a’

where £ is the height of the triangle.

Second Day

4. (HUN) Construct a triangle ABC whose lengths of heights h, and h; (from A
and B, respectively) and length of median m,, (from A) are given.

5. (CZS) A cube ABCDA'B'C'D' is given.
(a) Find the locus of all midpoints of segments XY, where X is any point on
segment AC and Y any point on segment B'D’.

(b) Find the locus of all points Z on segments XY such that Z—Y> = 2X_Z>.

6. (BGR) An isosceles trapezoid with bases a and b and height & is given.
(a) On the line of symmetry construct the point P such that both (nonbase)
sides are seen from P with an angle of 90°.
(b) Find the distance of P from one of the bases of the trapezoid.
(c) Under what conditions for a, b, and & can the point P be constructed (ana-
lyze all possible cases)?

7. (GDR) A sphere is inscribed in a regular cone. Around the sphere a cylinder is
circumscribed so that its base is in the same plane as the base of the cone. Let V;
be the volume of the cone and V; the volume of the cylinder.

(a) Prove that V| =V, is impossible.
(b) Find the smallest k for which V| = kV>, and in this case construct the angle
at the vertex of the cone.
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3.3 The Third IMO
Budapest—Veszprem, Hungary, July 6-16, 1961

3.3.1 Contest Problems

First Day

. (HUN) Solve the following system of equations:

x+y+z=a,
Xy 4 =0,
xy =72,

where a and b are given real numbers. What conditions must hold on @ and b for
the solutions to be positive and distinct?

. (POL) Leta, b, and c be the lengths of a triangle whose area is S. Prove that

a2—|—b2+c2245\/§.

In what case does equality hold?

. (BGR) Solve the equation cos” x —sin” x = 1, where n is a given positive integer.

Second Day

. (GDR) In the interior of AP;P,P; a point P is given. Let Q1, O, and Q3 re-

spectively be the intersections of PP;, PP», and PP; with the opposing edges of
AP, P,Ps. Prove that among the ratios PP, /PQy, PP,/PQ>, and PP;/PQ; there
exists at least one not larger than 2 and at least one not smaller than 2.

. (CZS) Construct a triangle ABC if the following elements are given: AC = b,

AB = ¢, and {AMB = o (® < 90°), where M is the midpoint of BC. Prove that
the construction has a solution if and only if

w
btan5§c<b.

In what case does equality hold?

. (ROU) A plane ¢ is given and on one side of the plane three noncollinear points

A, B, and C such that the plane determined by them is not parallel to €. Three
arbitrary points A’, B’, and C’ in € are selected. Let L, M, and N be the midpoints
of AA’, BB', and CC’, and G the centroid of ALMN. Find the locus of all points
obtained for G as A’, B, C' are varied (independently of each other) across €.
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3.4 The Fourth IMO
Prague-Hluboka, Czechoslovakia, July 7-15, 1962

3.4.1 Contest Problems

First Day

1. (POL) Find the smallest natural number n with the following properties:
(a) In decimal representation it ends with 6.
(b) If we move this digit to the front of the number, we get a number 4 times
larger.

2. (HUN) Find all real numbers x for which
1
V3i—x—+Vx+1> 5 .

3. (CZS) A cube ABCDA'B'C'D' is given. The point X is moving at a constant
speed along the square ABCD in the direction from A to B. The point Y is moving
with the same constant speed along the square BCC'B’ in the direction from B’
to C'. Initially, X and Y start out from A and B’ respectively. Find the locus of all
the midpoints of XY

Second Day

4. (ROU) Solve the equation
cos®x+cos?2x+cos?3x =1 .

5. (BGR) On the circle k three points A, B, and C are given. Construct the fourth
point on the circle D such that one can inscribe a circle in ABCD.

6. (GDR) Let ABC be an isosceles triangle with circumradius r and inradius p.
Prove that the distance d between the circumcenter and incenter is given by

d=+/r(r—2p).

7. (USS) Prove that a tetrahedron SABC has five different spheres that touch all six
lines determined by its edges if and only if it is regular.
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3.5 The Fifth IMO
Wroclaw, Poland, July 5-13, 1963

3.5.1 Contest Problems

First Day

1. (CZS) Determine all real solutions of the equation \/ X—p+2Vx2—1=x,
where p is a real number.

2. (USS) Find the locus of points in space that are vertices of right angles of which
one ray passes through a given point and the other intersects a given segment.

3. (HUN) Prove that if all the angles of a convex n-gon are equal and the lengths of
consecutive edges ay,...,a, satisfy a; > ap > -+ > a,, thena; =a, = --- = a,,.

Second Day

4. (USS) Find all solutions xy, ..., x5 to the system of equations

X5+ X2 = YX1,
X1 +X3 = yx2,
X2 + X4 = yx3,
X3+ X5 = yX4,
X4+ X1 = yXs,

where y is a real parameter.

5. (GDR) Prove that cos% —cos 27” + cos 37” = %

6. (HUN) Five students A, B, C, D, and E have taken part in a certain competition.
Before the competition, two persons X and Y tried to guess the rankings. X
thought that the ranking would be A,B,C,D,E; and Y thought that the ranking
would be D,A,E,C,B. At the end, it was revealed that X didn’t guess correctly
any rankings of the participants, and moreover, didn’t guess any of the orderings
of pairs of consecutive participants. On the other hand, Y guessed the correct
rankings of two participants and the correct ordering of two pairs of consecutive
participants. Determine the rankings of the competition.
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3.6 The Sixth IMO
Moscow, Soviet Union, June 30-July 10, 1964

3.6.1 Contest Problems

—_—

First Day

(CZS) (a) Find all natural numbers n such that the number 2" — 1 is divisible
by 7.
(b) Prove that for all natural numbers n the number 2" + 1 is not divisible by 7.

. (HUN) Denote by a, b, c the lengths of the sides of a triangle. Prove that

a?(b+c—a)+b*c+a—b)+c*(a+b—c)<3abc.

. (YUG) The incircle is inscribed in a triangle ABC with sides a, b, c. Three tan-

gents to the incircle are drawn, each of which is parallel to one side of the triangle
ABC. These tangents form three smaller triangles (internal to AABC) with the
sides of AABC. In each of these triangles an incircle is inscribed. Determine the
sum of areas of all four incircles.

Second Day

. (HUN) Each of 17 students talked with every other student. They all talked

about three different topics. Each pair of students talked about one topic. Prove
that there are three students that talked about the same topic among themselves.

. (ROU) Five points are given in the plane. Among the lines that connect these

five points, no two coincide and no two are parallel or perpendicular. Through
each point we construct an altitude to each of the other lines. What is the max-
imal number of intersection points of these altitudes (excluding the initial five
points)?

. (POL) Given a tetrahedron ABCD, let D be the centroid of the triangle ABC and

let Aj,B1,C) be the intersection points of the lines parallel to DD and passing
through the points A, B,C with the opposite faces of the tetrahedron. Prove that
the volume of the tetrahedron ABCD is one-third the volume of the tetrahedron
A|B|CD. Does the result remain true if the point D is replaced with any point
inside the triangle ABC?
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3.7 The Seventh IMO
Berlin, DR Germany, July 3-13, 1965

3.7.1 Contest Problems

First Day
1. (YUG) Find all real numbers x € [0,27] such that

2cosx < [v/1+sin2x— /1 —sin2x| < V2.
2. (POL) Consider the system of equations

ayxy +apxy +apx; =0,
a1x1 + axxy +axxz =0,
azixy +azxy +azsxz =0,

whose coefficients satisfy the following conditions:

(a) ap1,az,ass are positive real numbers;

(b) all other coefficients are negative;

(c) in each of the equations the sum of the coefficients is positive.
Prove that x; = x, = x3 = 0 is the only solution to the system.

3. (CZS) A tetrahedron ABCD is given. The lengths of the edges AB and CD are
a and b, respectively, the distance between the lines AB and CD is d, and the
angle between them is equal to @. The tetrahedron is divided into two parts by
the plane 7 parallel to the lines AB and CD. Calculate the ratio of the volumes
of the parts if the ratio between the distances of the plane & from AB and CD is
equal to k.

Second Day

4. (USS) Find all sets of four real numbers x1,x;,x3,x4 such that the sum of any of
the numbers and the product of the other three is equal to 2.

5. (ROU) Given a triangle OAB such that ZAOB = o < 90°, let M be an arbitrary
point of the triangle different from O. Denote by P and Q the feet of the per-
pendiculars from M to OA and OB, respectively. Let H be the orthocenter of the
triangle OPQ. Find the locus of points H when:

(a) M belongs to the segment AB;
(b) M belongs to the interior of AOAB.

6. (POL) We are given n > 3 points in the plane. Let d be the maximal distance
between two of the given points. Prove that the number of pairs of points whose
distance is equal to d is less than or equal to .
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3.8 The Eighth IMO
Sofia, Bulgaria, July 3-13, 1966

3.8.1 Contest Problems

First Day

1. (USS) Three problems A, B, and C were given on a mathematics olympiad. All
25 students solved at least one of these problems. The number of students who
solved B and not A is twice the number of students who solved C and not A. The
number of students who solved only A is greater by 1 than the number of students
who along with A solved at least one other problem. Among the students who
solved only one problem, half solved A. How many students solved only B?

2. (HUN) If a, b, and c are the sides and o, 3, and 7y the respective angles of
the triangle for which a + b = tan {(atan ot + btan ), prove that the triangle is
isosceles.

3. (BGR) Prove that the sum of distances from the center of the circumsphere of
the regular tetrahedron to its four vertices is less than the sum of distances from
any other point to the four vertices.

Second Day

4. (YUG) Prove the following equality:

1 1 1

- + = + = + -4+ —— = cotx —cot2"x
sin2x sin4x sin8x sin2"x ’

where n € Nand x ¢ 5;Z for every k € N.
5. (CZS) Solve the following system of equations:

|a1 7&2|X2+ \al 7(13|)€3 + |a1 7a4|X4 =1,
|a2 —a1|x1 + \ag—a3|x3 + |a2 —a4|x4 =1,
las —ay|x; + a3 — az|xa + |az — asxs = 1,

las —ai|xy +|as — az|xz + |as — azlx3 = 1,

where a1, a», as, and a4 are mutually distinct real numbers.

6. (POL) Let M, K, and L be points on (AB), (BC), and (CA), respectively. Prove
that the area of at least one of the three triangles AMAL, AKBM, and ALCK is
less than or equal to one-fourth the area of AABC.

3.8.2 Some Longlisted Problems 1959-1966

1. (CZS) We are given n > 3 points in the plane, no three of which lie on a line.
Does there necessarily exist a circle that passes through at least three of the given
points and contains none of the other given points in its interior?
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10.
11.

12.

3 Problems

. (GDR) Given n positive real numbers ay,as,...,a, such that ajay---a, =1,

prove that
(I+a)(l+ay) - (1+a,) >2".

. (BGR) A regular triangular prism has height /2 and a base of side length a. Both

bases have small holes in the centers, and the inside of the three vertical walls
has a mirror surface. Light enters through the small hole in the top base, strikes
each vertical wall once and leaves through the hole in the bottom. Find the angle
at which the light enters and the length of its path inside the prism.

. (POL) Five points in the plane are given, no three of which are collinear. Show

that some four of them form a convex quadrilateral.

. (USS) Prove the inequality

Tsinx TCOSX
>1

tan — 4+ tan
4sin o 4coso

forany x,o with0 <x<m/2and /6 < o0 < /3.

. (USS) A convex planar polygon .# with perimeter / and area S is given. Let

M(R) be the set of all points in space that lie a distance at most R from a point
of .7 . Show that the volume V (R) of this set equals

4
V(R) = SR’ + gle +25R.

. (USS) For which arrangements of two infinite circular cylinders does their in-

tersection lie in a plane?

. (USS) We are given a bag of sugar, a two-pan balance, and a weight of 1 gram.

How do we obtain 1 kilogram of sugar in the smallest possible number of weigh-
ings?

. (ROU) Find x such that

sin3xcos(60° — 4x) + 1 B
sin(60° — 7x) —cos(30° +x) +m

)

where m is a fixed real number.
(GDR) How many real solutions are there to the equation x = 1964 sinx — 189?

(CZS) Does there exist an integer z that can be written in two different ways as
z=x!4y!, where x,y are natural numbers with x < y?

(BGR) Find digits x,y, z such that the equality

XX X — e — e
Vs =YY Y=L %
2n n n
holds for at least two values of n € N, and in that case find all n for which this
equality is true.
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(YUG) Letay,an,...,a, be positive real numbers. Prove the inequality

2
n 1 1
S —>4(3
(2) i<y didj <i<j a;+aj>

and find the conditions on the numbers a; for equality to hold.

(POL) Compute the largest number of regions into which one can divide a disk
by joining n points on its circumference.

(POL) Points A, B,C, D lie on a circle such that AB is a diameter and CD is not.
If the tangents at C and D meet at P while AC and BD meet at Q, show that PQ
is perpendicular to AB.

(CZS) We are given a circle K with center S and radius 1 and a square Q with
center M and side 2. Let XY be the hypotenuse of an isosceles right triangle
XYZ. Describe the locus of points Z as X varies along K and Y varies along the
boundary of Q.

(ROU) Suppose ABCD and A’B'C'D’ are two parallelograms arbitrarily ar-
ranged in space, and let points M, N, P, Q divide the segments AA’, BB',CC', DD’
respectively in equal ratios.

(a) Show that MNPQ is a parallelogram;

(b) Find the locus of MNPQ as M varies along the segment AA’.

(HUN) Solve the equation ﬁ + CO]—QX = %, where p is a real parameter. Discuss
for which values of p the equation has at least one real solution and determine

the number of solutions in [0,27) for a given p.
(HUN) Construct a triangle given the three exradii.

(HUN) We are given three equal rectangles with the same center in three mutu-
ally perpendicular planes, with the long sides also mutually perpendicular. Con-
sider the polyhedron with vertices at the vertices of these rectangles.

(a) Find the volume of this polyhedron;

(b) can this polyhedron be regular, and under what conditions?

(BGR) Prove that the volume V' and the lateral area S of a right circular cone
3

satisfy the inequality (%)2 < (nz—\%) . When does equality occur?

(BGR) Assume that two parallelograms P, P’ of equal areas have sides a, b and

a', b’ respectively such that @’ < a < b < b’ and a segment of length b’ can be

placed inside P. Prove that P and P’ can be partitioned into four pairwise con-

gruent parts.

(BGR) Three faces of a tetrahedron are right triangles, while the fourth is not
an obtuse triangle.
(a) Prove that a necessary and sufficient condition for the fourth face to be a
right triangle is that at some vertex exactly two angles are right.
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(b) Prove that if all the faces are right triangles, then the volume of the tetrahe-
dron equals one -sixth the product of the three smallest edges not belonging
to the same face.

24. (POL) There are n > 2 people in a room. Prove that there exist two among them
having equal numbers of friends in that room. (Friendship is always mutual.)

25. (GDR) Show that tan7°30' = v/6 +v/2 — /3 —2.

26. (CZS) (a) Prove that (aj +az + - +ar)* < k(a?+---+a?), where k > 1 is a
natural number and ay,...,a; are arbitrary real numbers.
(b) If real numbers ay,...,a, satisfy

artayt o tan >/ (- 1)@+t ad),

show that they are all nonnegative.

27. (GDR) We are given a circle K and a point P lying on a line g. Construct a circle
that passes through P and touches K and g.

28. (CZS) Let there be given a circle with center S and radius 1 in the plane, and let
ABC be an arbitrary triangle circumscribed about the circle such that SA < SB <
SC. Find the loci of the vertices A, B, C.

29. (ROU) (a) Find the number of ways 500 can be represented as a sum of con-
secutive integers.
(b) Find the number of such representations for N = 2%3857, ¢ B,y € N.
Which of these representations consist only of natural numbers?
(c) Determine the number of such representations for an arbitrary natural num-
ber N.

30. (ROU) If n is a natural number, prove that
(a) logyg(n+1)> 13@ +loggn;
(b) logn! > ?—3(%4_%4_...4_%_1)_

31. (ROU) Solve the equation |x*> — 1|+ |x*> — 4| = mx as a function of the parameter
m. Which pairs (x,m) of integers satisfy this equation?

32. (BGR) The sides a,b,c of a triangle ABC form an arithmetic progression; the
sides of another triangle A;BC; also form an arithmetic progression. Suppose
that ZA = ZA,. Prove that the triangles ABC and A;B|C are similar.

33. (BGR) Two circles touch each other from inside, and an equilateral triangle
is inscribed in the larger circle. From the vertices of the triangle one draws seg-
ments tangent to the smaller circle. Prove that the length of one of these segments
equals the sum of the lengths of the other two.

34. (BGR) Determine all pairs of positive integers (x,y) satisfying the equation
28 =3V45.

35. (POL) If a,b,c,d are integers such that ad is odd and bc is even, prove that at
least one root of the polynomial ax® + bx* + cx + d is irrational.
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(POL) Let ABCD be a cyclic quadrilateral. Show that the centroids of the trian-
gles ABC, CDA, BCD, DAB lie on a circle.

(POL) Prove that the perpendiculars drawn from the midpoints of the sides of
a cyclic quadrilateral to the opposite sides meet at one point.

(ROU) Two concentric circles have radii R and r respectively. Determine the
greatest possible number of circles that are tangent to both these circles and

mutually nonintersecting. Prove that this number lies between % . ﬁfﬁ —1land

63  R+r

20 " R—r"

(ROU) In a plane, a circle with center O and radius R and two points A, B are
given.
(a) Draw a chord CD parallel to AB so that AC and BD intersect at a point P on
the circle.
(b) Prove that there are two possible positions of point P, say P, P>, and find
the distance between them if OA = a, OB = b, AB =d.

(CZS) For a positive real number p, find all real solutions to the equation

V24 2px—p? —\/x2 —2px—p2=1.

(CZS) If AjA,... A, is a regular n-gon (n > 3), how many different obtuse
triangles A;A jA; exist?

(CZS) Letay,ay,...,a, (n > 2) be a sequence of integers. Show that there is
a subsequence ay,,ay,,...,ak,, where 1 < ky < ky < --- < k;, < n, such that
a;, +ag, +---+ag is divisible by n.

(CZS) Five points in a plane are given, no three of which are collinear. Every
two of them are joined by a segment, colored either red or gray, so that no three
segments form a triangle colored in one color.

(a) Prove that (1) every point is a vertex of exactly two red and two gray seg-
ments, and (2) the red segments form a closed path that passes through each
point.

(b) Give an example of such a coloring.

(YUG) What is the greatest number of balls of radius 1/2 that can be placed
within a rectangular box of size 10 x 10 x 1?

(YUG) An alphabet consists of n letters. What is the maximal length of a word,
if
(i) two neighboring letters in a word are always different, and
(i) no word abab (a # b) can be obtained by omitting letters from the given
word?

(YUG) Let
b—a|l b+a 2| |b—al b+a 2

byc) = _z =
flab.c) |ab| + ab ¢ + |ab| i ab +c
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Prove that f(a,b,c) = 4max{1/a,1/b,1/c}.

(ROU) Find the number of lines dividing a given triangle into two parts of equal
area which determine the segment of minimum possible length inside the trian-
gle. Compute this minimum length in terms of the sides a, b, ¢ of the triangle.

(USS) Find all positive numbers p for which the equation x> + px +3p = 0 has
integral roots.

(USS) Two mirror walls are placed to form an angle of measure o. There is a
candle inside the angle. How many reflections of the candle can an observer see?

(USS) Given a quadrangle of sides a, b, c,d and area S, show that § < “TJFC . #.

(USS) In aschool, n children numbered 1 to n are initially arranged in the order
1,2,...,n. At a command, every child can either exchange its position with any
other child or not move. Can they rearrange into the order n,1,2,...,n — 1 after
two commands?

(USS) A figure of area 1 is cut out from a sheet of paper and divided into 10
parts, each of which is colored in one of 10 colors. Then the figure is turned to
the other side and again divided into 10 parts (not necessarily in the same way).
Show that it is possible to color these parts in the 10 colors so that the total area
of the portions of the figure both of whose sides are of the same color is at least
0.1.

(USS, 1966) Prove that in every convex hexagon of area S one can draw a
diagonal that cuts off a triangle of area not exceeding %S.

(USS, 1966) Find the last two digits of a sum of eighth powers of 100 consecu-
tive integers.

(USS, 1966) Given the vertex A and the centroid M of a triangle ABC, find
the locus of vertices B such that all the angles of the triangle lie in the interval
[40°,70°].

(USS, 1966) Let ABCD be a tetrahedron such that AB | CD, AC L BD, and
AD 1 BC. Prove that the midpoints of the edges of the tetrahedron lie on a sphere.

(USS, 1966) Is it possible to choose a set of 100 (or 200) points on the boundary
of a cube such that this set is fixed under each isometry of the cube into itself?
Justify your answer.
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3.9 The Ninth IMO
Cetinje, Yugoslavia, July 2-13, 1967

3.9.1 Contest Problems

First Day (July 5)

1. ABCD is a parallelogram; AB = a, AD = 1, « is the size of ZDAB, and the
three angles of the triangle ABD are acute. Prove that the four circles K4, K,
Kc, Kp, each of radius 1, whose centers are the vertices A, B, C, D, cover the
parallelogram if and only if a < cos ot + /3 sin a.

2. Exactly one side of a tetrahedron is of length greater than 1. Show that its volume
is less than or equal to 1/8.

3. Let k, m, and n be positive integers such that m + k+ 1 is a prime number greater
than n+ 1. Write ¢, for s(s + 1). Prove that the product (c,+1 — ¢x)(cmso —
ck) -+ (Cman — ci) is divisible by the product cyc; -« - ¢p.

Second Day (July 6)

4. The triangles AgBoCy and A’B'C’ have all their angles acute. Describe how to
construct one of the triangles ABC, similar to A’B’C’ and circumscribing AgByCy
(so that A, B, C correspond to A/, B, C’, and AB passes through Cy, BC through
Ao, and CA through By). Among these triangles ABC describe, and prove, how
to construct the triangle with the maximum area.

5. Consider the sequence (c;):
cp =a +tay+---+as,

) :a%+a%+“‘+a§7

where ay,a, ..., ag are real numbers, not all equal to zero. Given that among the
numbers of the sequence (c,) there are infinitely many equal to zero, determine
all the values of n for which ¢, = 0.

6. In a sports competition lasting n days there are m medals to be won. On the first
day, one medal and 1/7 of the remaining m — 1 medals are won. On the second
day, 2 medals and 1/7 of the remainder are won. And so on. On the nth day
exactly n medals are won. How many days did the competition last and what
was the total number of medals?

3.9.2 Longlisted Problems

1. BGR 1) Prove that all numbers in the sequence
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107811 110778111 111077781111
3 7 3 ' 3 o

are perfect cubes.

(BGR 2) Prove that %nz + %n + % > (n!)¥/" (n is a positive integer) and that
equality is possible only in the case n = 1.

. (BGR 3) Prove the trigonometric inequality cosx < 1 — )‘72 + )1‘—2, where x €

(0,7/2).

. (BGR 4) Suppose medians m, and m, of a triangle are orthogonal. Prove that:

(a) The medians of that triangle correspond to the sides of a right-angled trian-
gle.
(b) The inequality
5(a® +b*—c*) > 8ab

is valid, where a, b, and c are side lengths of the given triangle.

(BGR 5) Solve the system

PHx—1=y,
yV+y—1=z
Z4z—1=nx

(BGR 6) Solve the system

e+ ¥+ 1 —x[ =6,
[ty +1[+[1-y =4

. (CZS 1) Find all real solutions of the system of equations

Xp+xp+ -t X = 4,
x%+x%+~~+x%:a2,

X +x5 4+, =a.

(CZS 2)MOL ABCD is a parallelogram; AB = a, AD = 1, « is the size of ZDAB,
and the three angles of the triangle ABD are acute. Prove that the four circles K4,
Kpg, Kc, Kp, each of radius 1, whose centers are the vertices A, B, C, D, cover the
parallelogram if and only if a < cos o + v/3sin .

(CZS 3) The circle k and its diameter AB are given. Find the locus of the cen-
ters of circles inscribed in the triangles having one vertex on AB and two other
vertices on k.

(CZS 4) The square ABCD is to be decomposed into n triangles (nonoverlap-
ping) all of whose angles are acute. Find the smallest integer n for which there
exists a solution to this problem and construct at least one decomposition for this
n. Answer whether it is possible to ask additionally that (at least) one of these
triangles has a perimeter less than an arbitrarily given positive number.
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(CZS 5) Let n be a positive integer. Find the maximal number of noncongruent
triangles whose side lengths are integers less than or equal to n.

(CZS 6) Given a segment AB of the length 1, define the set M of points in the
following way: it contains the two points A, B, and also all points obtained from
A, B by iterating the following rule: for every pair of points X, Y in M, the set M
also contains the point Z of the segment XY for which YZ = 3XZ.
(a) Prove that the set M consists of points X from the segment AB for which
the distance from the point A is either

3k 3k—-2
AX:4—n or AX = TR

where n, k are nonnegative integers.
(b) Prove that the point X for which AXy = 1/2 = XpB does not belong to the
set M.

(GDR 1) Find whether among all quadrilaterals whose interiors lie inside a
semicircle of radius r there exists one (or more) with maximal area. If so, deter-
mine their shape and area.

(GDR 2) Which fraction p/g, where p, ¢ are positive integers less than 100, is
closest to v/2? Find all digits after the decimal point in the decimal representa-
tion of this fraction that coincide with digits in the decimal representation of /2
(without using any tables).

(GDR 3) Suppose tan o = p/q, where p and q are integers and g # 0. Prove that
the number tan 8 for which tan28 = tan 3« is rational only when p? + ¢? is the
square of an integer.

(GDR 4) Prove the following statement: If r| and r, are real numbers whose
quotient is irrational, then any real number x can be approximated arbitrarily
well by numbers of the form z;, , = k171 +kara, ki, ky integers; i.e., for every
real number x and every positive real number p two integers k| and k, can be
found such that |x — (kyr + k)| < p.

(UNK 1)™O3 Let k, m, and n be positive integers such that m + k + 1 is a prime
number greater than n+ 1. Write ¢, for s(s + 1). Prove that the product (¢4 —
ck)(emsa — ci) -+ (Cman — i) s divisible by the product cjcz - - - ¢y.

(UNK'S) If xis a positive rational number, show that x can be uniquely expressed
in the form a

as
x:a1+2 +_+,

3l

where ay,a;, ... are integers, 0 < a, <n— 1 for n > 1, and the series terminates.
Show also that x can be expressed as the sum of reciprocals of different integers,
each of which is greater than 10°.

(UNK 6) The n points P;, P, ..., P, are placed inside or on the boundary of a
disk of radius 1 in such a way that the minimum distance d,, between any two
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3 Problems

of these points has its largest possible value D,,. Calculate D,, for n =2 to 7 and
justify your answer.

(HUN 1) In space, n points (n > 3) are given. Every pair of points determines
some distance. Suppose all distances are different. Connect every point with the

nearest point. Prove that it is impossible to obtain a polygonal line in such a way.
1

(HUN 2) Without using any tables, find the exact value of the product

P b4 2 3r 4 5w 6m r
= €08 72 €08~ COS — COS — C08 — COS - COS -
(HUN 3) The distance between the centers of the circles k; and k, with radii r is
equal to r. Points A and B are on the circle k|, symmetric with respect to the line
connecting the centers of the circles. Point P is an arbitrary point on k;. Prove
that
PA® + PB* > 2r°.

When does equality hold?

(HUN 4) Prove that for an arbitrary pair of vectors f and g in the plane, the
inequality
af’> +bfg+cg®>0

holds if and only if the following conditions are fulfilled: a > 0, ¢ > 0, 4ac > b

(HUN 5)MO6 Father has left to his children several identical gold coins. Ac-
cording to his will, the oldest child receives one coin and one-seventh of the
remaining coins, the next child receives two coins and one-seventh of the re-
maining coins, the third child receives three coins and one-seventh of the re-
maining coins, and so on through the youngest child. If every child inherits an
integer number of coins, find the number of children and the number of coins.

(HUN 6) Three disks of diameter d are touching a sphere at their centers. More-
over, each disk touches the other two disks. How do we choose the radius R of
the sphere so that the axis of the whole figure makes an angle of 60° with the
line connecting the center of the sphere with the point on the disks that is at
the largest distance from the axis? (The axis of the figure is the line having the
property that rotation of the figure through 120° about that line brings the figure
to its initial position. The disks are all on one side of the plane, pass through the
center of the sphere, and are orthogonal to the axes.)

(ITA 1) Let ABCD be a regular tetrahedron. To an arbitrary point M on one
edge, say CD, corresponds the point P = P(M), which is the intersection of two
lines AH and BK, drawn from A orthogonally to BM and from B orthogonally to
AM. What is the locus of P as M varies?

The statement so formulated is false. It would be trivially true under the additional assump-

tion that the polygonal line is closed. However, from the offered solution, which is not clear,
it does not seem that the proposer had this in mind.
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(ITA 2) Which regular polygons can be obtained (and how) by cutting a cube
with a plane?
(ITA 3) Find values of the parameter u# for which the expression

_tan(x —u) +tanx + tan(x +u)
~ tan(x — u)tanxtan(x + u)

does not depend on x.

(ITA 4)™%* The triangles AgByCy and A’B'C’ have all their angles acute. De-
scribe how to construct one of the triangles ABC, similar to A’B'C’ and circum-
scribing AgBoCy (so that A, B, C correspond to A’, B', C’, and AB passes through
Co, BC through Ay, and CA through Bj). Among these triangles ABC, describe,
and prove, how to construct the triangle with the maximum area.

(MNG 1) Givenm+nnumbersa; (i=1,2,...,m),b; (j=1,2,...,n), determine
the number of pairs (a;, b ;) for which |i — j| > k, where k is a nonnegative integer.

(MNG 2) An urn contains balls of k different colors; there are n; balls of the ith
color. Balls are drawn at random from the urn, one by one, without replacement.
Find the smallest number of draws necessary for getting m balls of the same
color.

(MNG 3) Determine the volume of the body obtained by cutting the ball of
radius R by the trihedron with vertex in the center of that ball if its dihedral
angles are o, 3, 7.

(MNG 4) In what case does the system

X+y+mz=a,
x+my+z=>b,
mx+y+z=c,

have a solution? Find the conditions under which the unique solution of the
above system is an arithmetic progression.

(MNG 5) The faces of a convex polyhedron are six squares and eight equilateral
triangles, and each edge is a common side for one triangle and one square. All
dihedral angles obtained from the triangle and square with a common edge are
equal. Prove that it is possible to circumscribe a sphere around this polyhedron
and compute the ratio of the squares of the volumes of the polyhedron and of the
ball whose boundary is the circumscribed sphere.

(MNG 6) Prove the identity

n 2% 1
z (n) (tan f) 1+ Zk—k = sec”” o +sec” x.
k 2 (1 —tan?(x/2)) 2

k=0

(POL 1) Prove that the center of the sphere circumscribed around a tetrahedron
ABCD coincides with the center of a sphere inscribed in that tetrahedron if and
only if AB=CD, AC = BD, and AD = BC.
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(POL 2) Prove that for arbitrary positive numbers the following inequality

holds:

1,11 a®+ bt + 8

a b ¢~ db3
(POL 3) Does there exist an integer such that its cube is equal to 3n> + 3n+7,
where n is integer?

(POL 4) Show that the triangle whose angles satisfy the equality

sin?A + sin® B + sin®C -
cos2A +cos2B+cos2C

is a right-angled triangle.

(POL 5)™02 Exactly one side of a tetrahedron is of length greater than 1. Show
that its volume is less than or equal to 1/8.

(POL 6) A line/ is drawn through the intersection point H of the altitudes of an
acute-angled triangle. Prove that the symmetric images /,, [, [ of [ with respect
to sides BC, CA, AB have one point in common, which lies on the circumcircle
of ABC.

(ROU 1) Decompose into real factors the expression 1 — sin® x — cos’ x.

(ROU 2) The equation
45—+ (Ao —4)® — (8A+3)x+Ao—2=0

is given.
(a) Determine o such that the given equation has exactly one root independent
of 1.
(b) Determine o such that the given equation has exactly two roots indepen-
dent of 1.

(ROU 3) Suppose p and g are two different positive integers and x is a real
number. Form the product (x+ p)(x + g).
(a) Find the sum S(x,n) = Y.(x+ p)(x+¢), where p and ¢ take values from 1
to n.
(b) Do there exist integer values of x for which S(x,n) = 0?

(ROU 4) (a) Solve the equation

sin® x + sin’ (2_7'5 +x> +sin’ (4_7r +x> + gcost =0.
3 3 4
(b) Suppose the solutions are in the form of arcs AB of the trigonometric circle
(where A is the beginning of arcs of the trigonometric circle), and P is a
regular n-gon inscribed in the circle with one vertex at A.
(1) Find the subset of arcs with the endpoint B at a vertex of the regular
dodecagon.
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(2) Prove that the endpoint B cannot be at a vertex of P if 2,3{n or n is
prime.

(ROU 5) If x, y, z are real numbers satisfying the relations x+y-+z =1 and
arctanx + arctany + arctanz = 7 / 4, prove that

2n+1 2n+1 2n+1
xn+ _,’_yn++zn+:1

for all positive integers n.

(ROU 6) Prove the inequality
XXX (x771+ngl+.“+xzfl) Sxill+kfl+x;+k7]+.“+xﬁ+k7],

where x; >0(i=1,2,...,k), k€N, n€N.
(SWE 1) Determine all positive roots of the equation x* =1/ V2.

(SWE 2) Letn and k be positive integers suchthat | <n <N+ 1,1 <k<N+1.
Show that )

min|sinn — sink| < —.

n#k ‘ " | N
(SWE 3) The function ¢(x,y,z), defined for all triples (x,y,z) of real numbers,
is such that there are two functions f and g defined for all pairs of real numbers
such that

¢(x,y,2) = fx+y.2) =glx,y+2)

for all real x, y, and z. Show that there is a function & of one real variable such
that

¢(x,y.2) =h(x+y+z)
for all real x, y, and z.

(SWE 4) A subset S of the set of integers 0, ...,99 is said to have property A if it
is impossible to fill a crossword puzzle with 2 rows and 2 columns with numbers
in S (0 is written as 00, 1 as 01, and so on). Determine the maximal number of
elements in sets S with property A.

(SWE 5) In the plane a point O and a sequence of points Py, P, P3,... are given.
The distances OP;,OP,,0OPs, ... are ry,ry,r3,..., where ry <r, <r3 <---. Let
o satisfy 0 < o < 1. Suppose that for every n the distance from the point P,
to any other point of the sequence is greater than or equal to r%. Determine the
exponent 3, as large as possible, such that for some C independent of 1,

r,,zCnﬁ, n=1,2,....

This problem is not elementary. The solution offered by the proposer, which is not quite

clear and complete, only shows that if such a 8 exists, then 8 > m.
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(SWE 6) In making Euclidean constructions in geometry it is permitted to use
a straightedge and compass. In the constructions considered in this question, no
compasses are permitted, but the straightedge is assumed to have two parallel
edges, which can be used for constructing two parallel lines through two given
points whose distance is at least equal to the breadth of the ruler. Then the dis-
tance between the parallel lines is equal to the breadth of the straightedge. Carry
through the following constructions with such a straightedge. Construct:

(a) The bisector of a given angle.

(b) The midpoint of a given rectilinear segment.

(c) The center of a circle through three given noncollinear points.

(d) A line through a given point parallel to a given line.

(USS 1) Is it possible to put 100 (or 200) points on a wooden cube such that by
all rotations of the cube the points map into themselves? Justify your answer.

(USS 2) Find all x for which for all n,

. . . . 3
sinx +sin2x +sin3x+ - - - + sinnx < -

(USS 3) In a group of interpreters each one speaks one or several foreign lan-
guages; 24 of them speak Japanese, 24 Malay, 24 Farsi. Prove that it is possible
to select a subgroup in which exactly 12 interpreters speak Japanese, exactly 12
speak Malay, and exactly 12 speak Farsi.

(USS 4)™O5 Consider the sequence (c,,):

¢l =aj+ay+---+as,
c) = a%—i—a%—i—---—i—a%,

where ay,a, ..., ag are real numbers, not all equal to zero. Given that among the
numbers of the sequence (c,) there are infinitely many equal to zero, determine
all the values of n for which ¢, = 0.

(USS 5) A linear binomial /(z) = Az+ B with complex coefficients A and B is
given. It is known that the maximal value of |/(z)| on the segment —1 < x < 1
(y = 0) of the real line in the complex plane (z = x+iy) is equal to M. Prove that
for every z
|1(z)| < Mp,

where p is the sum of distances from the point P = z to the points Q;: z =1 and
Q3Z z=-—1.

(USS 6) On the circle with center O and radius 1 the point Ay is fixed and
points A1, A3, ...,Aggg, Ajooo are distributed in such a way that ZAgOA; = k (in

radians). Cut the circle at points Ap,Ay,...,A1000- How many arcs with different
lengths are obtained?
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3.10 The Tenth IMO
Moscow-Leningrad, Soviet Union, July 5-18, 1968

3.10.1 Contest Problems

First Day

1. Prove that there exists a unique triangle whose side lengths are consecutive nat-
ural numbers and one of whose angles is twice the measure of one of the others.

2. Find all positive integers x for which p(x) = x> — 10x — 22, where p(x) denotes
the product of the digits of x.

3. Let a,b,c be real numbers. Prove that the system of equations
ax% +bx;+c=x,

ax%+bx2+c:x3,

axﬁ_l +bx,_1+c=xy,
axﬁ—&-bx,,—i—c:xl,

(a) has no real solutions if (b — 1)? —4ac < 0;
(b) has a unique real solution if (b — 1)? — 4ac = 0;
(c) has more than one real solution if (b — 1)? — 4ac > 0.

Second Day

4. Prove that in any tetrahedron there is a vertex such that the lengths of its sides
through that vertex are sides of a triangle.

5. Leta > 0 be areal number and f(x) areal function defined on all of R, satisfying

for all x € R, |
flta@) = 5+ /100 — f(02.

(a) Prove that the function f is periodic; i.e., there exists b > 0 such that for all

x, fx+b) = f(x).

(b) Give an example of such a nonconstant function for a = 1.

6. Let [x] denote the integer part of x, i.e., the greatest integer not exceeding x. If n
is a positive integer, express as a simple function of n the sum

n+1 N n+2 - n+2 N
2 4 2i+1

3.10.2 Shortlisted Problems

1. (SWE 2) Two ships sail on the sea with constant speeds and fixed directions. It
is known that at 9:00 the distance between them was 20 miles; at 9:35, 15 miles;
and at 9:55, 13 miles. At what moment were the ships the smallest distance from
each other, and what was that distance?
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3 Problems

. (ROU 5)MO1 prove that there exists a unique triangle whose side lengths are

consecutive natural numbers and one of whose angles is twice the measure of
one of the others.

. (POL 4)™%% Prove that in any tetrahedron there is a vertex such that the lengths

of its sides through that vertex are sides of a triangle.

. (BGR 2)MO3 Let a, b, ¢ be real numbers. Prove that the system of equations

ax%—&—bx] +c=x3,
ax%—&-bxz—i—c:xg,

a)ci1 +bx,_ 1+ c=xy,,
ax,zl—&-bxn—i—c:xl,

has a unique real solution if and only if (b — 1) — 4ac = 0.
Remark. 1t is assumed that a # 0.

. (BGRS) Let &, be the apothem (distance from the center to one of the sides) of

aregular n-gon (n > 3) inscribed in a circle of radius r. Prove the inequality
(n+ Vhyy —nhy > r.

Also prove that if r on the right side is replaced with a greater number, the
inequality will not remain true for all n > 3.

. (HUN1) Ifq; (i=1,2,...,n) are distinct non-zero real numbers, prove that the

equation
ay az Qn

=n
a—x a—x a, —Xx

has at least n — 1 real roots.

. (HUN 5) Prove that the product of the radii of three circles exscribed to a given

triangle does not exceed %5 times the product of the side lengths of the triangle.
When does equality hold?

. (ROU 2) Given an oriented line A and a fixed point A on it, consider all trape-

zoids ABCD one of whose bases AB lies on A, in the positive direction. Let E, F
be the midpoints of AB and CD respectively.
Find the loci of vertices B,C, D of trapezoids that satisfy the following:

(1) |[AB| <a  (afixed);

(i) |[EF|=1 (I fixed);
(ii1) the sum of squares of the nonparallel sides of the trapezoid is constant.
Remark. The constants are chosen so that such trapezoids exist.

. (ROU 3) Let ABC be an arbitrary triangle and M a point inside it. Let d,,dp, d,

be the distances from M to sides BC,CA,AB; a,b,c the lengths of the sides re-
spectively, and S the area of the triangle ABC. Prove the inequality
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452
abd,dy, + bedpd,. + cad.d,;, < BN

Prove that the left-hand side attains its maximum when M is the centroid of the
triangle.

(ROU 4) Consider two segments of length a,b (a > b) and a segment of length
c=ab.
(a) For what values of a/b can these segments be sides of a triangle?
(b) For what values of a/b is this triangle right-angled, obtuse-angled, or acute-
angled?

(ROU 6) Find all solutions (xj,xy,...,x,) of the equation
1 x1+1 x1+1)(xn+1 xi+1)--(x—1 +1
Lol atl D) Dt

X1 X1X2 X1X2X3 X1X2+ Xp

(POL 1) If @ and b are arbitrary positive real numbers and m an integer, prove

that
m b m
(1+3) +<1+—) > gt
b a

(POL 5) Given two congruent triangles AjA>As and B|B,B3 (A;Ay = B;iBy),
prove that there exists a plane such that the orthogonal projections of these tri-
angles onto it are congruent and equally oriented.

(BGR 5) A line in the plane of a triangle ABC intersects the sides AB and AC
respectively at points X and Y such that BX = CY. Find the locus of the center
of the circumcircle of triangle XAY .

(UNK 1)™O6 Let [x] denote the integer part of x, i.e., the greatest integer not
exceeding x. If n is a positive integer, express as a simple function of n the sum

] 242 2]

2 4 2i+1

(UNK 3) A polynomial p(x) = agx* 4+ a;x*~! +- - 4 a; with integer coefficients
is said to be divisible by an integer m if p(x) is divisible by m for all integers x.
Prove that if p(x) is divisible by m, then k!ag is also divisible by m. Also prove
that if ag,k,m are nonnegative integers for which k!ag is divisible by m, there
exists a polynomial p(x) = apx* + - -- + @ divisible by m.

(UNK 4) Given a point O and lengths x,y, z, prove that there exists an equilateral
triangle ABC for which OA = x, OB=y, OC =z, ifandonly if x+y >z, y+z > x,
z+x >y (the points O,A, B, C are coplanar).

(ITA 2) If an acute-angled triangle ABC is given, construct an equilateral trian-
gle A’B'C’ in space such that lines AA’, BB, CC’ pass through a given point.

(ITA 5) We are given a fixed point on the circle of radius 1, and going from
this point along the circumference in the positive direction on curved distances
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0,1,2,... from it we obtain points with abscissas n = 0,1,2,... respectively.
How many points among them should we take to ensure that some two of them
are less than the distance 1/5 apart?

20. (CZS 1) Given n (n > 3) points in space such that every three of them form a
triangle with one angle greater than or equal to 120°, prove that these points can
be denoted by Aj,A3,...,A, in such a way that foreach i, j,k, 1 <i< j<k<n,
angle A;A jAy is greater than or equal to 120°.

21. (CZS 2) Letag,ay,...,ax (k> 1) be positive integers. Find all positive integers
v such that
ao|y; (ao+ar) | (y+ai); -..5 (ao+an) | (y+an).
22. (CZS 3)™O? Find all positive integers x for which p(x) = x> — 10x — 22, where
p(x) denotes the product of the digits of x.
23. (CZS 4) Find all complex numbers m such that polynomial

X +y3 +2+ mxyz

can be represented as the product of three linear trinomials.

24. (MNG 1) Find the number of all n-digit numbers for which some fixed digit
stands only in the ith (1 < i < n) place and the last j digits are distinct.?

25. (MNG 2) Given k parallel lines and a few points on each of them, find the
number of all possible triangles with vertices at these given points.*

26. (GDR)™ Let a > 0 be a real number and f/(x) a real function defined on all of
R, satisfying for all x € R,

Fleta) = 54700~ 72

(a) Prove that the function f is periodic; i.e., there exists b > 0 such that for all

X flx+b) = f(x).

(b) Give an example of such a nonconstant function for a = 1.

3 The problem is unclear. Presumably n, i, j, and the ith digit are fixed.
4 The problem is unclear. The correct formulation could be the following:
Given k parallel lines 1y, ...l and n; points on the line l;, i = 1,2,... k, find the maxi-
mum possible number of triangles with vertices at these points.
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3.11 The Eleventh IMO
Bucharest, Romania, July 5-20, 1969

3.11.1 Contest Problems

First Day (July 10)

1. Prove that there exist infinitely many natural numbers a with the following prop-
erty: the number z = n* 4 a is not prime for any natural number n.

2. Letay,a,...,a, be real constants and

cos(ay+x)  cos(asz+x) cos(a, +x)
2 72 T T o1

y(x) =cos(a; +x) +

If x1,x; are real and y(x;) = y(xp) = 0, prove that x; —x, = m for some integer
m.

3. Find conditions on the positive real number a such that there exists a tetrahedron
k of whose edges (k = 1,2,3,4,5) have length a, and the other 6 — k edges have
length 1.

Second Day (July 11)

4. Let AB be a diameter of a circle y. A point C different from A and B is on the
circle y. Let D be the projection of the point C onto the line AB. Consider three
other circles 7;, 7, and 3 with the common tangent AB: ¥, inscribed in the
triangle ABC, and 7, and 73 tangent to both (the segment) CD and 7. Prove that
M, 7, and p3 have two common tangents.

5. Given n points in the plane such that no three of them are collinear, prove that one
can find at least ("53 ) convex quadrilaterals with their vertices at these points.

6. Under the conditions xy,x; > 0, x;y; > z%, and xpy, > z%, prove the inequality

8 1 1

< + .
(1 +x2) 01 +y2) — (1 +22)* ~ xivi—22 xon—2

3.11.2 Longlisted Problems

1. (BEL 1) A parabola P; with equation x> —2py = 0 and parabola P, with equation
x2+2py =0, p > 0, are given. A line 7 is tangent to P>. Find the locus of pole
M of the line ¢ with respect to P.

2. (BEL 2) (a) Find the equations of regular hyperbolas passing through the points
A(a,0), B(,0), and C(0, 7).
(b) Prove that all such hyperbolas pass through the orthocenter H of the trian-
gle ABC.
(c) Find the locus of the centers of these hyperbolas.
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(d) Check whether this locus coincides with the nine-point circle of the triangle
ABC.

3. (BEL 3) Construct the circle that is tangent to three given circles.

10.

11.

12.

13.

14.

. (BEL 4) Let O be a point on a nondegenerate conic. A right angle with vertex

O intersects the conic at points A and B. Prove that the line AB passes through a
fixed point located on the normal to the conic through the point O.

. (BEL 5) Let G be the centroid of the triangle OAB.

(a) Prove that all conics passing through the points O,A, B, G are hyperbolas.
(b) Find the locus of the centers of these hyperbolas.

. (BEL 6) Evaluate (cos(m/4) +isin(m/4))'" in two different ways and prove

(V)= () 3(5) =

. (BGR 1) Prove that the equation v/x3 + y3 + z3 = 1969 has no integral solutions.
. (BGR 2) Find all functions f defined for all x that satisfy the condition

xf(y)+yf(x) = (x+9)f(x)f (),

for all x and y. Prove that exactly two of them are continuous.

. (BGR 3) One hundred convex polygons are placed on a square with edge of

length 38 cm. The area of each of the polygons is smaller than 7 cm?, and the
perimeter of each of the polygons is smaller than 27z cm. Prove that there exists
a disk with radius 1 in the square that does not intersect any of the polygons.

(BGR 4) Let M be the point inside the right-angled triangle ABC (£C = 90°)
such that
ZMAB = ZMBC = ZMCA = ¢.

Let y be the acute angle between the medians of AC and BC. Prove that
sin(p+y) _ 5

sin(p—y)

(BGR 5) Let Z be a set of points in the plane. Suppose that there exists a pair
of points that cannot be joined by a polygonal line not passing through any point
of Z. Let us call such a pair of points unjoinable. Prove that for each real » > 0
there exists an unjoinable pair of points in plane separated by distance .

(CZS 1) Given a unit cube, find the locus of the centroids of all tetrahedra whose
vertices lie on the sides of the cube.

(CZS 2) Let p be a prime odd number. Is it possible to find p — 1 natural numbers
n+1,n+2,...,n+ p— 1 such that the sum of the squares of these numbers is
divisible by the sum of these numbers?

(CZS 3) Let a and b be two positive real numbers. If x is a real solution of the
equation x> + px + ¢ = 0 with real coefficients p and ¢ such that |p| < a, |q| < b,
prove that
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|x|§%(d+ @+ 4b). (1)

Conversely, if x satisfies (1), prove that there exist real numbers p and g with
|p| < a, |q| < b such that x is one of the roots of the equation x> + px+ ¢ = 0.

(CZS 4) LetKj,...,K, be nonnegative integers. Prove that
Kl!Kz! . Kn' Z [K/n] !n’
where K = K| +--- + K.

(CZS 5) A convex quadrilateral ABCD with sides AB = a, BC = b, CD = c,
DA =d and angles o« = /DAB, B = /ABC, y= /BCD, and § = Z/CDA is given.
Let s = (a+b+c+d)/2 and P be the area of the quadrilateral. Prove that

P? = (s—a)(s—b)(s—c)(s — d) — abed cos® O‘T'H’.
(CZS 6) Let d and p be two real numbers. Find the first term of an arithmetic

progression aj,as,as,... with difference d such that ajaazas = p. Find the
number of solutions in terms of d and p.

(FRA 1) Let a and b be two nonnegative integers. Denote by H(a,b) the set
of numbers n of the form n = pa+ gb, where p and ¢ are positive integers.
Determine H(a) = H(a,a). Prove that if a # b, it is enough to know all the sets
H (a,b) for coprime numbers a, b in order to know all the sets H(a,b). Prove that
in the case of coprime numbers a and b, H (a, b) contains all numbers greater than
orequal to ® = (a— 1)(b— 1) and also ®,/2 numbers smaller than ®.

(FRA 2) Let n be an integer that is not divisible by any square greater than 1.
Denote by x,, the last digit of the number x” in the number system with base
n. For which integers x is it possible for x, to be 0? Prove that the sequence
Xp 1s periodic with period ¢ independent of x. For which x do we have x; = 1.
Prove that if m and x are relatively prime, then Oy, 1,4, ..., (n— 1),, are different
numbers. Find the minimal period ¢ in terms of n. If n does not meet the given
condition, prove that it is possible to have x,,, = 0 # x; and that the sequence is
periodic starting only from some number k > 1.

(FRA 3) A polygon (not necessarily convex) with vertices in the lattice points
of a rectangular grid is given. The area of the polygon is S. If I is the number of
lattice points that are strictly in the interior of the polygon and B the number of
lattice points on the border of the polygon, find the number 7 = 25 — B — 2/ + 2.

(FRA 4) A right-angled triangle OAB has its right angle at the point B. An
arbitrary circle with center on the line OB is tangent to the line OA. Let AT be
the tangent to the circle different from OA (T is the point of tangency). Prove
that the median from B of the triangle OAB intersects AT at a point M such that
MB=MT.

(FRA 5) Let a(n) be the number of pairs (x,y) of integers such that x+y = n,
0 <y <ux, and let B(n) be the number of triples (x,y,z) such that x+y+z=n
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and 0 < z <y < x. Find a simple relation between ¢(n) and the integer part of

the number 42 and the relation among f3(n), B(n — 3) and o(n). Then evaluate

B(n) as a function of the residue of n modulo 6. What can be said about f3(n)
and 1+ 2499 And what about 39

Find the number of triples (x,y,z) with the property x+y+z<n,0<z<y<x
as a function of the residue of » modulo 6. What can be said about the relation

2
between this number and the number W?

(FRA 6) Consider the integer d = “bc_l, where a, b, and ¢ are positive integers
and ¢ < a. Prove that the set G of integers that are between 1 and d and relatively
prime to d (the number of such integers is denoted by @(d)) can be partitioned
into n subsets, each of which consists of b elements. What can be said about the

rational number @ ?

(UNK 1) The polynomial P(x) = apx¥ 4+ a; x4 ...+ ay, where ag, ..., ay, are
integers, is said to be divisible by an integer m if P(x) is a multiple of m for every
integral value of x. Show that if P(x) is divisible by m, then a - k! is a multiple
of m. Also prove that if a, k,m are positive integers such that ak! is a multiple of
m, then a polynomial P(x) with leading term ax* can be found that is divisible
by m.

(UNK 2) Let a,b,x,y be positive integers such that @ and b have no common
divisor greater than 1. Prove that the largest number not expressible in the form
ax—+byis ab—a—b. If N(k) is the largest number not expressible in the form
ax+ by in only k ways, find N (k).

(UNK 3) A smooth solid consists of a right circular cylinder of height / and
base-radius r, surmounted by a hemisphere of radius r and center O. The solid
stands on a horizontal table. One end of a string is attached to a point on the base.
The string is stretched (initially being kept in the vertical plane) over the highest
point of the solid and held down at the point P on the hemisphere such that OP
makes an angle o with the horizontal. Show that if o is small enough, the string
will slacken if slightly displaced and no longer remain in a vertical plane. If then
pulled tight through P, show that it will cross the common circular section of
the hemisphere and cylinder at a point Q such that ZSOQ = ¢, S being where it
initially crossed this section, and sin¢ = ”aT“O‘.

(UNK 4) The segment AB perpendicularly bisects CD at X. Show that, subject
to restrictions, there is a right circular cone whose axis passes through X and on
whose surface lie the points A, B,C, D. What are the restrictions?

(UNK 5) Letus define ug =0, u; =1 and forn > 0, u,,» = au, | + bu,, a and
b being positive integers. Express u, as a polynomial in a and b. Prove the result.
Given that b is prime, prove that b divides a(u, — 1).

(GDR 1) Find all real numbers A such that the equation

sin*x — cos*x = A (tan* x — cot* x)
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(a) has no solution,

(b) has exactly one solution,

(c) has exactly two solutions,

(d) has more than two solutions (in the interval (0,7/4)).

(GDR 2)™O! Prove that there exist infinitely many natural numbers a with the
following property: The number z = n* 4 a is not prime for any natural number
n.

(GDR 3) Find the number of permutations ajy,...,a, of the set {1,2,...,n}
such that |@; —a;;1| # | foralli=1,2,...,n— 1. Find a recurrence formula and
evaluate the number of such permutations for n < 6.

(GDR 4) Find the maximal number of regions into which a sphere can be parti-
tioned by 7 circles.

(GDR 5) Given aring G in the plane bounded by two concentric circles with
radii R and R/2, prove that we can cover this region with 8 disks of radius 2R /5.
(A region is covered if each of its points is inside or on the border of some disk.)

(HUN 1) Let a and b be arbitrary integers. Prove that if k is an integer not
divisible by 3, then (a + b)?* + a** 4 b* is divisible by a® + ab + b*.
(HUN 2) Prove that

1 + ! s+t 33 ! +- + 1 5

33 4

(HUN 3) In the plane 4000 p01nts are given such that each line passes through
at most 2 of these points. Prove that there exist 1000 disjoint quadrilaterals in
the plane with vertices at these points.

(HUN 4)MO2 [f g, a5, ... .a, are real constants, and if
y =cos(aj +x) +2cos(ay +x) + - - -+ ncos(a, + x)
has two zeros x; and x, whose difference is not a multiple of 7, prove thaty =0.

(HUN 5) Let r and m (r < m) be natural numbers and A; = 2=L7. Evaluate

22

(HUN 6) Find the positions of three points A,B,C on the boundary of a unit
cube such that min{AB,AC, BC} is the greatest possible.

sin(rAg) sin(rA;) cos(rAy — rA;).

T [\/]s

1
m?2

(MNG 1) Find the number of five-digit numbers with the following properties:
there are two pairs of digits such that digits from each pair are equal and are next
to each other, digits from different pairs are different, and the remaining digit
(which does not belong to any of the pairs) is different from the other digits.

(MNG 2) Given four real numbers xg, x1, ¢, 3, find an expression for the solu-
tion of the system

Xpio — 01— PBxy, =0, n=0,1,2,....
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(MNG 3) Let A, (1 <k < h) be n-element sets such that each two of them have
a nonempty intersection. Let A be the union of all the sets Ay, and let B be a
subset of A such that for each k (1 < k < h) the intersection of A; and B consists
of exactly two different elements a; and by. Find all subsets X of the set A with
r elements satisfying the condition that for at least one index k, both elements ay
and by, belong to X.

(MNG 4) Let p and g be two prime numbers greater than 3. Prove that if their
difference is 2", then for any two integers m and n, the number § = p>"*+! 4
g*"*1is divisible by 3.

(MNG 5) Find the radius of the circle circumscribed about the isosceles triangle
whose sides are the solutions of the equation x*> — ax+ b = 0.

(MNG 6)™93 Given n points in the plane such that no three of them are collinear,
prove that one can find at least (”;3) convex quadrilaterals with their vertices at
these points.

(NLD 1) The vertices of an (n+ 1)-gon are placed on the edges of a regular
n-gon so that the perimeter of the n-gon is divided into equal parts. How does
one choose these n + 1 points in order to obtain the (n + 1)gon with

(a) maximal area;

(b) minimal area?

(NLD 2)™M%4 et A and B be points on the circle . A point C, different from
A and B, is on the circle y. Let D be the projection of the point C onto the line
AB. Consider three other circles 71, 7>, and y; with the common tangent AB: ¥,
inscribed in the triangle ABC, and 7, and 793 tangent to both (the segment) CD
and y. Prove that 71, 5, and 3 have two common tangents.

(NLD 3) Let xy, x2, x3, x4, and x5 be positive integers satisfying

X1 +xp +x3 +x4 +x5 = 1000,

X1 —Xp +x3 —x4 +x5 >0,

X1 +xp —x3 +x4 —x5 >0,
—X1 +x2 +x3 —x4 +x5 >0,

X1 —Xxp +x3 +x4 —x5 >0,
—X1 +X2 —x3 +x4 +x5 > 0.

(a) Find the maximum of (xj +x3 )24,
(b) In how many different ways can we choose x1,...,xs to obtain the desired
maximum?

(NLD 4) A boy has a set of trains and pieces of railroad track. Each piece is a
quarter of circle, and by concatenating these pieces, the boy obtained a closed
railway. The railway does not intersect itself. In passing through this railway, the
train sometimes goes in the clockwise direction, and sometimes in the opposite
direction. Prove that the train passes an even number of times through the pieces
in the clockwise direction and an even number of times in the counterclockwise
direction. Also, prove that the number of pieces is divisible by 4.
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(NLD 5) The bisectors of the exterior angles of a pentagon B|B,B3B4Bs form
another pentagon A;AA3A4As. Construct By B, B3 B4Bs from the given pentagon
A1A2A3A4As5.

(NLD 6) A curve determined by

y=vx2—10x+52, 0<x<100,

is constructed in a rectangular grid. Determine the number of squares cut by the
curve.

(POL 1) Prove that a regular polygon with an odd number of edges cannot be
partitioned into four pieces with equal areas by two lines that pass through the
center of polygon.

(POL 2) Given two segments AB and CD not in the same plane, find the locus
of points M such that

MA? + MB* = MC? + MD*.

(POL 3) Given a polynomial f(x) with integer coefficients whose value is di-
visible by 3 for three integers k, k+ 1, and k + 2, prove that f(m) is divisible by
3 for all integers m.

(POL 4)™03 Find the conditions on the positive real number a such that there
exists a tetrahedron k of whose edges (k = 1,2,3,4,5) have length a, and the
other 6 — k edges have length 1.

(POL 5) Let a and b be two natural numbers that have an equal number n of
digits in their decimal expansions. The first m digits (from left to right) of the
numbers a and b are equal. Prove that if m > n/2, then

1
alm—p'n < -
n
(POL 6) On the sides AB and AC of triangle ABC two points K and L are given
such that % + % = 1. Prove that KL passes through the centroid of ABC.

(SWE 1) Six points Py,...,Ps are given in 3-dimensional space such that no
four of them lie in the same plane. Each of the line segments P;P; is colored
black or white. Prove that there exists one triangle P;P.F; whose edges are of the
same color.

(SWE 2) ForeachA (0 <A <landA # 1/nforalln=1,2,3,...) construct a
continuous function f such that there do not exist x,y with0 <A <y=x+A <1

for which f(x) = f(y).

(SWE 3) Find the natural number n with the following properties:

(i) Let S = {p1,p2,...} be an arbitrary finite set of points in the plane, and
r; the distance from P; to the origin O. We assign to each P; the closed
disk D; with center P; and radius r;. Then some n of these disks contain all
points of S.
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(ii) n is the smallest integer with the above property.

(SWE 4) Let ag,ay,a; be determined with ag =0, a,+1 = 2a, + 2". Prove that
if n is power of 2, then so is a,.

(SWE 5) Which natural numbers can be expressed as the difference of squares
of two integers?

(SWE 6) Prove that there are infinitely many positive integers that cannot be
expressed as the sum of squares of three positive integers.

(USS 1) Prove that for a natural number n > 2,
(n))! > n[(n—1)1".
(USS 2) Prove that for a > b2,

\/ b\/aer\/abW \/abeL%b.

(USS 3) (a) Prove thatif 0 < ay < a; < ap, then

1 1 1
(a0+a1xfa2x2)2 < (ap+ay +a2)2 (1 + Eer §x2+ §x3 +x4) .

(b) Formulate and prove the analogous result for polynomials of third degree.
(USS 4)™O06 Under the conditions x,x, > 0, x1y; > z2, and xy» > z3, prove the
inequality

8 1 1

< + .
(1 +x) 1 +y2) = (@1 +22)* " xiyi—2F xon-2

(USS 5) Given 5 points in the plane, no three of which are collinear, prove that
we can choose 4 points among them that form a convex quadrilateral.

(YUG 1) Suppose that positive real numbers x,x,,x3 satisfy

1 1
xixx3>1,  xp+xn+xn<—+—+—.
X1 X2 X3
Prove that:
(a) None of x1,x2,x3 equals 1.
(b) Exactly one of these numbers is less than 1.

(YUG 2) A park has the shape of a convex pentagon of area 5v/3 ha (=
50000+/3 m?). A man standing at an interior point O of the park notices that
he stands at a distance of at most 200 m from each vertex of the pentagon. Prove
that he stands at a distance of at least 100 m from each side of the pentagon.

(YUG 3) Let four points A; (i = 1,2,3,4) in the plane determine four triangles.
In each of these triangles we choose the smallest angle. The sum of these angles
is denoted by S. What is the exact placement of the points A; if S = 180°?
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3.12 The Twelfth IMO
Budapest—Keszthely, Hungary, July 8-22, 1970

3.12.1 Contest Problems

First Day (July 13)

1. Given a point M on the side AB of the triangle ABC, let r; and r, be the radii of
the inscribed circles of the triangles ACM and BCM respectively while p; and p,
are the radii of the excircles of the triangles ACM and BCM at the sides AM and
BM respectively. Let r and p denote the respective radii of the inscribed circle
and the excircle at the side AB of the triangle ABC. Prove that

ry rmn o r
pip2 P’
2. Let a and b be the bases of two number systems and let
A, = X%, .xn(“), Ay = XoX1%2-- .xn(“>,
B, =x1x;.. .xn(b), B, 1 = Xox1x2-- .xn(b),

be numbers in the number systems with respective bases a and b, so that
X0,X1,X2,...,%, denote digits in the number system with base a as well as in
the number system with base b. Suppose that neither xo nor x; is zero. Prove that
a > b if and only if
A - By .
An+l Bn+1

3. Letl=a9p<a; <a, <---<a, <--- be asequence of real numbers. Consider

the sequence by,by, ... defined by

Prove that:
(a) For all natural numbers n, 0 < b,, < 2.
(b) Given an arbitrary 0 < b < 2, there is a sequence ag,di,...,d,,... of the
above type such that b, > b is true for an infinity of natural numbers n.

Second Day (July 14)

4. For what natural numbers n can the product of some of the numbers n,n+1,n+
2,n+3,n+4,n+ 5be equal to the product of the remaining ones?

5. In the tetrahedron ABCD, the edges BD and CD are mutually perpendicular, and
the projection of the vertex D to the plane ABC is the intersection of the altitudes
of the triangle ABC. Prove that

(AB+BC+CA)* < 6(DA®> + DB* + DC?) .

For which tetrahedra does equality hold?
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6. Given 100 points in the plane, no three of which are on the same line, consider
all triangles that have all their vertices chosen from the 100 given points. Prove
that at most 70% of these triangles are acute-angled.

3.12.2 Longlisted Problems

1. (AUT 1) Prove that

bc ca ab 1
<= .
b+c+c+a+a+b_2(a+b+c) (a,b,c>0)

9
2. (AUT 2) Prove that the two last digits of 9" and 9°” in decimal representation
are equal.

3. (AUT 3) Prove that for a,b € N, a!b! divides (a+b)!.
4. (AUT 4) Solve the system of equations

x> +xy=da’>+ab

W+ xy = a®—ab, a,breal, a# 0.

5. (AUT $) Prove that {/7Lr + 2p 4+ 227 > 1 forn > 2,
6. (BEL 1) Prove that the equation in x

n b;

>

=1t di

=c, bi >0, aj<ay<az<---<ay,

has n— 1 roots x1,x2,x3,...,X,_1 suchthata; <x| <ay <xy <az <x3<--- <
Xp—1 < ap.

7. (BEL 2) Let ABCD be any quadrilateral. A square is constructed on each side
of the quadrilateral, all in the same manner (i.e., outward or inward). Denote the
centers of the squares by My, M,, M3, and My. Prove:

(a) MiM3 = M>My;
(b) M M3 is perpendicular to M>Mj.

8. (BEL 3) (SL70-1).
9. (BEL 4) If n is even, prove that

P N A DA SRR SN B
2 3 4 n \n+2 n+4 n+6 2n )"

10. (BEL 5) Let A, B,C be angles of a triangle. Prove that

1 <cosA+cosB+cosC < %
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(BEL 6) Let ABCD and A’B'C'D’ be two squares in the same plane and oriented
in the same direction. Let A”,B”,C”, and D" be the midpoints of AA’, BB',CC’,
and DD'. Prove that A”B"C" D" is also a square.

(BGR 1) Let xy,x5,x3,x4,x5,X¢ be given integers, not divisible by 7. Prove that
at least one of the expressions of the form

dx) X x3 x4 x5 X6

is divisible by 7, where the signs are selected in all possible ways. (Generalize
the statement to every prime number!)

(BGR 2) A triangle ABC is given. Each side of ABC is divided into equal parts,
and through each of the division points are drawn lines parallel to AB,BC, and
CA, thus cutting ABC into small triangles. A number 1, 2, or 3 is assign to each
of the vertices of these triangles in such a way that the following conditions are
satisfied:

(i) to A,B,C are assigned 1, 2 and 3 respectively;

(ii) points on AB are marked by 1 or 2;
(iii) points on BC are marked by 2 or 3;
(iv) points on CA are marked by 3 or 1.
Prove that there must exist a small triangle whose vertices are marked by 1, 2,
and 3.

(BGR 3) Let a+ 3 +y= m. Prove that

sin20 + sin2f3 + sin2y = 2(sin o + sin § + siny)(cos o + cos B + cos y)
—2(sino + sin B + siny).

(BGR 4) Given a triangle ABC, let R be the radius of its circumcircle, Oy, 0,, 03
the centers of its exscribed circles, and ¢ the perimeter of AO;0,03. Prove that
qg < 6vV/3R.

(BGR 5) Show that the equation

V2-x24V3-x3=0
has no real roots.

(BGR 6) (SL70-3).
Original formulation. In a triangular pyramid SABC one of the angles at S is
right and the projection of S onto the base ABC is the orthocenter of ABC. Let r
be the radius of the circle inscribed in the base, SA = m, SB = n, SC = p, H the
height of the pyramid (through S), and r, 7,73 the radii of the circles inscribed
in the intersections of the pyramid with the planes determined by the altitude of
the pyramid and the lines SA, SB, SC respectively. Prove that:

(@) m>4n?+ p? > 18r%;

(b) the ratios rj /H, r»/H, r3/H lie in the interval [0.4,0.5].
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(CZS 1) (SL70-4).

(CZS 2) Let n > 1 be a natural number, a > 1 a real number, and x,x2,...,X,
numbers such that x; =1, xkx—;l =a+og fork=1,2,...,n—1, where o are real
numbers with oy < m Prove that
1
Vg < a+——.

n—1

(CZS 3) (SL70-5).

(CZS 4) Find necessary and sufficient conditions on given positive numbers u, v
for the following claim to be valid: there exists a right-angled triangle AABC
with CD = u, CE = v, where D, E are points of the segments AB such that AD =
DE =EB = 1AB.

(FRA 1) (SL70-6).

(FRA 2) Let E be a finite set, &g the family of its subsets, and f a mapping

from Zg to the set of nonnegative real numbers such that for any two disjoint
subsets A,B of E,

fAUB) = f(A)+ f(B).

Prove that there exists a subset F' of E such that if with each A C E we associate
a subset A’ consisting of elements of A that are not in F, then f(A) = f(A’), and
f(A) is zero if and only if A is a subset of F.

(FRA 3) Letn and p be two integers such that 2p < n. Prove the inequality

(n—p)!

n4+1 n—2p
< .
p! _( 2 )

For which values does equality hold?

(FRA 4) Suppose that f is a real function defined for 0 < x < 1 having the first
derivative f’ for 0 < x < 1 and the second derivative f” for 0 < x < 1. Prove that
if

F0)=f10)=f(1)=f(1)-1=0,
there exists a number 0 < y < 1 such that |f”(y)| > 4.

(FRA 5) Consider a finite set of vectors in space {aj,as,...,a,} and the set E
of all vectors of the form x = A1a; + Axaz + - - - + Anay,, where A; are nonnegative
numbers. Let F be the set consisting of all the vectors in E and vectors parallel
to a given plane P. Prove that there exists a set of vectors {bi,bs,...,b,} such
that F is the set of all vectors y of the form

y=Uib1 + lsbr + -+ lpby,

where the [1; are nonnegative.
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(FRA 6) Find a natural number n such that for all prime numbers p, n is divisible
by p if and only if n is divisible by p — 1.

(GDR 1) A set G with elements u,v,w,... is a group if the following conditions
are fulfilled:
(i) There is a binary algebraic operation o defined on G such that for all u,v €
Gthereisaw € G withuov=w.
(ii) This operation is associative; i.e., for all u,v,w € G, (uov)ow=uo (vow).
(iii) For any two elements u,v € G there exists an element x € G such that uox =
v, and an element y € G such that you = v.
Let K be a set of all real numbers greater than 1. On K is defined an operation
by

aob=ab—/(a®—1)(b2—1).
Prove that K is a group.
(GDR 2) Prove that the equation 4* + 6* = 9 has no rational solutions.
(GDR 3) (SL70-9).

(GDR 4) Prove that for any triangle with sides a, b, c and area P the following
inequality holds:
V3

P< T(abc)2/3.

Find all triangles for which equality holds.

(NLD 1) Let there be given an acute angle ZAOB = 3a, where OA = OB. The
point A is the center of a circle with radius OA. A line s parallel to OA passes
through B. Inside the given angle a variable line ¢ is drawn through O. It meets
the circle in O and C and the given line s in D, where ZAOC = x. Starting from an
arbitrarily chosen position 7y of ¢, the series fy,#1,12,. .. is determined by defining
BD;| = OC; for each i (in which C; and D; denote the positions of C and D,
corresponding to ;). Making use of the graphical representations of BD and OC
as functions of x, determine the behavior of ¢; for i — co.

(NLD 2) The vertices of a given square are clockwise lettered A, B,C, D. On the
side AB is situated a point E such that AE = AB/3.

Starting from an arbitrarily chosen point Py on segment AE and going clockwise
around the perimeter of the square, a series of points Py, Pj, P, ... is marked on
the perimeter such that PP, = AB/3 for each i. It will be clear that when Py is
chosen in A or in E, then some P; will coincide with Py. Does this possibly also
happen if Py is chosen otherwise?

(NLD 3) In connection with a convex pentagon ABCDE we consider the set of
ten circles, each of which contains three of the vertices of the pentagon on its
circumference. Is it possible that none of these circles contains the pentagon?
Prove your answer.
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(NLD 4) Find for every value of n a set of numbers p for which the following
statement is true: Any convex n-gon can be divided into p isosceles triangles.

Alternative version. The same about division into p polygons with axis of sym-
metry.

(NLD 5) Let x,y,z be nonnegative real numbers satisfying

x2+y2+12:5 and yz+zx+xy=2.

2

Which values can the greatest of the numbers x> — yz, y> — xz, z> — xy have?

(NLD 6) Solve the set of simultaneous equations

VA Wi X34 y? = 6 —2u,
>+ w24 X2+ y> = 6—2v,
WP+ v ¥4 y? = 62w,
W v wi y? = 6—2x,
W+ v+ wi X2 =6—2y.

(POL 1) Find the greatest integer A for which in any permutation of the numbers
1,...,100 there exist ten consecutive numbers whose sum is at least A.

(POL 2) (SL70-8).

(POL 5) Let ABC be a triangle with angles o, 8,y commensurable with 7.
Starting from a point P interior to the triangle, a ball reflects on the sides of
ABC, respecting the law of reflection that the angle of incidence is equal to the
angle of reflection.

Prove that, supposing that the ball never reaches any of the vertices A, B,C, the
set of all directions in which the ball will move through time is finite. In other
words, its path from the moment O to infinity consists of segments parallel to a
finite set of lines.

(POL 6) Let a cube of side 1 be given. Prove that there exists a point A on the
surface S of the cube such that every point of S can be joined to A by a path on
S of length not exceeding 2. Also prove that there is a point of S that cannot be
joined with A by a path on S of length less than 2.

(ROU 1) (SL70-2).
(ROU 2) Prove that the equation

x3—3tan1—7.[2x2—3x+tan1—7172 =0

has one root x; = tan %, and find the other roots.

(ROU 3) If a,b,c are side lengths of a triangle, prove that

(a+b)(b+c)(c+a)>8(a+b—c)(b+c—a)(c+a—D).
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(ROU 4) Let M be an interior point of tetrahedron VABC. Denote by A, B;,C
the points of intersection of lines MA, MB, MC with the planes VBC,VCA,VAB,
and by A», B,, C; the points of intersection of lines VA, VB,V C| with the sides
BC,CA,AB.
(a) Prove that the volume of the tetrahedron VA,B,C, does not exceed one-
fourth of the volume of VABC.
(b) Calculate the volume of the tetrahedron V;A|B;C) as a function of the vol-
ume of VABC, where V] is the point of intersection of the line VM with the
plane ABC, and M is the barycenter of VABC.

(ROU 5) Given a triangle ABC and a plane 7 having no common points with
the triangle, find a point M such that the triangle determined by the points of
intersection of the lines MA, MB,MC with 7 is congruent to the triangle ABC.

(ROU 6) Given a polynomial

P(x) = ab(a — ¢)x’ + (a® — a*c + 2ab® — b*c + abc)x*
+(2a°b + b + d*c + b® — abc)x+ ab(b+¢),

where a,b,c # 0, prove that P(x) is divisible by
O(x) = abx* + (a* + b*)x +ab

and conclude that P(xo) is divisible by (a +b)? forxo = (a+b+1)", n € N.

(ROU 7) Let a polynomial p(x) with integer coefficients take the value 5 for
five different integer values of x. Prove that p(x) does not take the value 8 for
any integer x.

(SWE 1) Forn € N, let f(n) be the number of positive integers k < n that do not

contain the digit 9. Does there exist a positive real number p such that @ >p
for all positive integers n?

(SWE 2) The area of a triangle is S and the sum of the lengths of its sides is L.
Prove that 365 < L2+/3 and give a necessary and sufficient condition for equality.

(SWE 3) Let p be a prime number. A rational number x, with 0 < x < 1, is
written in lowest terms. The rational number obtained from x by adding p to
both the numerator and the denominator differs from x by 1/p?. Determine all
rational numbers x with this property.

(SWE 4) (SL70-10).

(SWE 5) A square ABCD is divided into (n — 1)? congruent squares, with sides
parallel to the sides of the given square. Consider the grid of all n> corners ob-
tained in this manner. Determine all integers n for which it is possible to con-
struct a nondegenerate parabola with its axis parallel to one side of the square
and that passes through exactly n points of the grid.

(SWE 6) (SL70-11).
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(USS 1) A turtle runs away from an UFO with a speed of 0.2 m/s. The UFO
flies 5 meters above the ground, with a speed of 20 m/s. The UFO’s path is a
broken line, where after flying in a straight path of length ¢ (in meters) it may
turn through for any acute angle o such that tana < 10(% When the UFO’s
center approaches within 13 meters of the turtle, it catches the turtle. Prove that
for any initial position the UFO can catch the turtle.

(USS 2) A square hole of depth & whose base is of length a is given. A dog
is tied to the center of the square at the bottom of the hole by a rope of length
L > /2a? + h?, and walks on the ground around the hole. The edges of the hole
are smooth, so that the rope can freely slide along it. Find the shape and area of
the territory accessible to the dog (whose size is neglected).

(USS 3) Let the numbers 1,2,...,n% be written in the cells of an n x n square
board so that the entries in each column are arranged increasingly. What are the
smallest and greatest possible sums of the numbers in the kth row? (k a positive
integer, 1 <k <n.)

(USS 4) (SL70-12).
(USS 5) (SL70-7).

3.12.3 Shortlisted Problems

1.

(BEL 3) Consider a regular 2n-gon and the n diagonals of it that pass through its
center. Let P be a point of the inscribed circle and let a;,a;, ..., a, be the angles
in which the diagonals mentioned are visible from the point P. Prove that

cos? >

E tan? a; =2n——=% yarat
in* Z
i=1 2n

. (ROU 1)M2 [ et g and b be the bases of two number systems and let

A, =x1x2...x,,(“), Ay :xoxlxz...xn(“),

(b — (b
B, Z.X]XQ...)C”( ), Bt :xoxlxz...xn( >,

be numbers in the number systems with respective bases a and b, so that
X0,X1,X2,...,X, denote digits in the number system with base a as well as in
the number system with base b. Suppose that neither x( nor x; is zero. Prove that

. . Ay By
a > b lf and Only lf An+l < Bn+l :

. (BGR 6)M In the tetrahedron SABC the angle BSC is a right angle, and the

projection of the vertex S to the plane ABC is the intersection of the altitudes of
the triangle ABC. Let z be the radius of the inscribed circle of the triangle ABC.
Prove that SA® + SB> + SC? > 182°.

. (CZS 1)MO Eor what natural numbers n can the product of some of the numbers

n,n+1,n+2,n+3,n+4,n+5be equal to the product of the remaining ones?
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. (CZS 3) Let M be an interior point of the tetrahedron ABCD. Prove that

— —
MAvol(MBCD)+ MBvol(MACD)
— —
+MC vol(MABD)+ MD vol(MABC) = 0

(vol(PQRS) denotes the volume of the tetrahedron PQRS).

. (FRA 1) In the triangle ABC let B’ and C’ be the midpoints of the sides AC

and AB respectively and H the foot of the altitude passing through the vertex
A. Prove that the circumcircles of the triangles AB'C’, BC'H, and B'CH have a
common point / and that the line HI passes through the midpoint of the segment
B'C'.

n(n+1)

. (USS 5) For which digits a do exist integers n > 4 such that each digit of =——

equals a?

. (POL 2)™°! Given a point M on the side AB of the triangle ABC, let r| and r»

be the radii of the inscribed circles of the triangles ACM and BCM respectively
and let p; and p, be the radii of the excircles of the triangles ACM and BCM at
the sides AM and BM respectively. Let r and p denote the radii of the inscribed
circle and the excircle at the side AB of the triangle ABC respectively. Prove that

rnr_r
pip2 P
. (GDR 3) Letuy,u,...,u,,vi,v2,...,v, be real numbers. Prove that

n 4 n n
1+2(u,-+vi)2 < 3 <1+2u,2> <1+2v,-2> .
i=1 i=1

i=1
In what case does equality hold?

(SWE 4MO3 [ et 1 =ay<a; <a)<---<a,<--- beasequence of real num-
bers. Consider the sequence by, b,, ... defined by:

i (23] 1
b, = l—— ) —.
! kz1< ar )\/a_k
Prove that:

(a) For all natural numbers n, 0 < b,, < 2.
(b) Given an arbitrary 0 < b < 2, there is a sequence ag,dy,...,dy,... of the
above type such that b, > b is true for infinitely many natural numbers n.

(SWE 6) Let P,Q,R be polynomials and let S(x) = P(x?) +xQ(x*) + x’R(x?)
be a polynomial of degree n whose roots xi,...,x, are distinct. Construct with
the aid of the polynomials P, Q, R a polynomial T of degree n that has the roots

3.3 3
X],X5,. ., X

(USS 4)™O6 We are given 100 points in the plane, no three of which are on the
same line. Consider all triangles that have all vertices chosen from the 100 given
points. Prove that at most 70% of these triangles are acute angled.
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3.13 The Thirteenth IMO
Bratislava-Zilina, Czechoslovakia, July 10-21, 1971

3.13.1 Contest Problems
First Day (July 13)

1. Prove that the following statement is true for n = 3 and for n = 5, and false for
all other n > 2:
For any real numbers a;,as,...,an,

(a1 —az)(a; —az)---(ay —an) + (aa —ay)(ar —az) -~ (ay —an) + ...

+(ap—ay)(ap—az)--- (an—ay—1) > 0.

2. Given a convex polyhedron P; with 9 vertices Aj,...,Aq, let us denote by
P>, Ps,...,Py the images of P; under the translations mapping the vertex A; to
Ay, Az,...,Ag, respectively. Prove that among the polyhedra Py,...,Py at least
two have a common interior point.

3. Prove that the sequence 2" — 3 (n > 1) contains a subsequence of numbers rela-

tively prime in pairs.

Second Day (July 14)

4. Given a tetrahedron ABCD all of whose faces are acute-angled triangles, set
0 = ADAB+ £BCD — £LABC — £CDA.

Consider all closed broken lines XYZTX whose vertices X,Y,Z, T lie in the
interior of segments AB, BC,CD, DA respectively. Prove that:
(a) if o # 0, then there is no broken line XY ZT of minimal length;
(b) if 0 =0, then there are infinitely many such broken lines of minimal length.
That length equals 2ACsin(c:/2), where

o = ABAC+ £CAD + £DAB.

5. Prove that for every natural number m > 1 there exists a finite set S, of points in
the plane satisfying the following condition: If A is any point in S,,, then there
are exactly m points in S, whose distance to A equals 1.

6. Consider the n x n array of nonnegative integers

ayp aip ... dip
daz) dzp -+ dzp

aul Ap2 - .. Apn

with the following property: If an element a;; is zero, then the sum of the ele-

ments of the ith row and the jth column is greater than or equal to n. Prove that

the sum of all the elements is greater than or equal to %nz.
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3.13.2 Longlisted Problems

1.

(AUT 1) The points S(i, j) with integer Cartesian coordinates 0 < i <n,0 < j <
m, m < n, form a lattice. Find the number of:
(a) rectangles with vertices on the lattice and sides parallel to the coordinate
axes;
(b) squares with vertices on the lattice and sides parallel to the coordinate axes;
(c) squares in total, with vertices on the lattice.

. (AUT 2) Letus denote by s(n) = ¥4, d the sum of divisors of a natural number

n (1 and n included). If n has at most 5 distinct prime divisors, prove that s(n) <
%n. Also prove that there exists a natural number n for which s(n) > Z—gn holds.

. (AUT 3) Let a,b,c be positive real numbers, 0 < a < b < c. Prove that for any

positive real numbers x,y, z the following inequality holds:

2(a+c)?
4ac

(ax—i—by—i—cz)(f—&-z—i-g)S(x+y+z)
a b ¢

. (BGR1) Letx, = 22" 4+ 1 and let m be the least common multiple of x2, x3, ...,

X1971. Find the last digit of m.

. (BGR2) (SL71-1).

Original formulation. Consider a sequence of polynomials Xo(x), X (x), Xa(x),
.oy Xu(x), ..., where Xo(x) =2, Xj(x) = x, and for every n > 1 the following

equality holds:
1
X (x) = T (X1 (%) + X1 (%)) -

Prove that (x*> —4)[X?(x) — 4] is a square of a polynomial for all n > 0.

. (BGR 3) Let squares be constructed on the sides BC,CA,AB of a triangle ABC,

all to the outside of the triangle, and let Aj, By, C; be their centers. Starting from
the triangle A B;C} one analogously obtains a triangle A2 B>C,. If S, 51, 5> denote
the areas of triangles ABC,A|B|C1,A2B,C,, respectively, prove that S = 85 —
4S;.

. (BGR 4) In a triangle ABC, let H be its orthocenter, O its circumcenter, and R

its circumradius. Prove that:
(a) |OH| = R+\/1—8cosocosfcosy, where a, 3,y are angles of the triangle
ABC;
(b) O=H if and only if ABC is equilateral.

. (BGR 5) (SL71-2).

Original formulation. Prove that for every natural number n > 1 there exists an
infinite sequence My, M>, ... , My, ... of distinct points in the plane such that for
all i, exactly n among these points are at distance 1 from M;.

. (BGR 6) The base of an inclined prism is a triangle ABC. The perpendicular

projection of By, one of the top vertices, is the midpoint of BC. The dihedral
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angle between the lateral faces through BC and AB is ¢, and the lateral edges
of the prism make an angle B with the base. If r|,r;, r3 are exradii of a perpen-
dicular section of the prism, assuming that in ABC, cos?A +cos?B+cos?C =1,
/A< /B < /C,and BC = a, calculate riry + riry+rr3.

(CUB 1) In how many different ways can three knights be placed on a chess-
board so that the number of squares attacked would be maximal?

(CUB 2) Prove that n! cannot be the square of any natural number.

(CUB 3) A system of n numbers xj,x3,...,X, is given such that
xp=log,  xu, xm=log, xi, ... , xp=log, X,

Prove that [T;_, xx = 1.

(CUB 4) One Martian, one Venusian, and one Human reside on Pluto. One day
they make the following conversation:
Martian : T have spent 1/12 of my life on Pluto.
Human : 1 also have.
Venusian : Me too.
Martian : But Venusian and I have spend much more time here than
you, Human.
Human : That is true. However, Venusian and I are of the same age.
Venusian : Yes, I have lived 300 Earth years.
Martian : Venusian and I have been on Pluto for the past 13 years.
It is known that Human and Martian together have lived 104 Earth years. Find
the ages of Martian, Venusian, and Human.’

(UNK 1) Note that 8% —73 = 169 = 132 and 13 = 22 + 32. Prove that if the
difference between two consecutive cubes is a square, then it is the square of the
sum of two consecutive squares.

(UNK 2) Let ABCD be a convex quadrilateral whose diagonals intersect at O at
an angle 0. Let us set OA =a, OB =0, OC =c, and OD =d, ¢ > a > 0, and
d>b>0.
Show that if there exists a right circular cone with vertex V, with the properties:
(1) its axis passes through O, and
(2) its curved surface passes through A, B,C and D, then

ov? — d*h*(c+a)? — c*a*(d +b)?
~ ca(d—b)?—db(c—a)?

e cta s ca ca c—a __ ca :
Show also that if T lies between T and ./ it and 5= a5 then for a suitable

choice of 0, a right circular cone exists with properties (1) and (2).

(UNK 3) (SL71-4).
Original formulation. Two (intersecting) circles are given and a point P through

5 The numbers in the problem are not necessarily in base 10.
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which it is possible to draw a straight line on which the circles intercept two
equal chords. Describe a construction by straightedge and compass for the
straight line and prove the validity of your construction.

(GDR 1) (SL71-3).
Original formulation. Find all solutions of the system

x+y+z=3,
P4y 4+ =15,
C+y +7 =83

(GDR 2) Letay,ay,...,a, be positive numbers, m, = (ajas - - ~an)1/" their geo-
metric mean, and m, = (a; +az + - - - + a,) /n their arithmetic mean. Prove that

(Ltmg)" < (14a1)--- (14a,) < (1+m,)"

(GDR 3) In a triangle PP>P; let P,Q; be the altitude from P; for i = 1,2,3
(Q; being the foot of the altitude). The circle with diameter P,Q; meets the two
corresponding sides at two points different from P,. Denote the length of the
segment whose endpoints are these two points by /;. Prove that [y =1, = I3.

(GDR 4) Let M be the circumcenter of a triangle ABC. The line through M
perpendicular to CM meets the lines CA and CB at Q and P respectively. Prove
that

=2.

<3
<l<
|| >
S| &

(HUN 1) (SL71-5).

(HUN 2) We are given an n x n board, where # is an odd number. In each cell
of the board either +1 or —1 is written. Let a; and by denote the products of
numbers in the kth row and in the kth column respectively. Prove that the sum
ai+ay+---+a,+by+by+---+ b, cannot be equal to zero.

(HUN 3) Find all integer solutions of the equation
Pyt = —y)

(HUN 4) Let A, B, and C denote the angles of a triangle. If sin?A +sin?B +
sin? C = 2, prove that the triangle is right-angled.

(HUN 5) Let ABC,AA1A>,BBB,,CCiC, be four equilateral triangles in the
plane satisfying only that they are all positively oriented (i.e., in the counter-
clockwise direction). Denote the midpoints of the segments A2B1,B>Ci, (A
by P,Q,R in this order. Prove that the triangle POR is equilateral.

(HUN 6) An infinite set of rectangles in the Cartesian coordinate plane is given.
The vertices of each of these rectangles have coordinates (0,0), (p,0), (p,q),
(0,q) for some positive integers p,q. Show that there must exist two among
them one of which is entirely contained in the other.
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(HUN 7) (SL71-6).

(NLD 1) (SL71-7).
Original formulation. A tetrahedron ABCD is given. The sum of angles of the
tetrahedron at the vertex A (namely Z/BAC, ZCAD, ZDAB) is denoted by o, and
B,7v,0 are defined analogously. Let P,Q,R,S be variable points on edges of the
tetrahedron: P on AD, Q on BD, R on BC, and S on AC, none of them at some
vertex of ABCD. Prove that:

(a) if o+ B #2m, then PQ+ QR+ RS + SP attains no minimal value;

(b) if o+ B =2m, then

ABsin% :CDsin%/ and PO+ OR+RS+SP> 2ABsin%.

(NLD 2) A rhombus with its incircle is given. At each vertex of the thombus
a circle is constructed that touches the incircle and two edges of the rhombus.
These circles have radii ry,r,, while the incircle has radius r. Given that r; and
ro are natural numbers and that r1r, = r, find ry,r, and r.

(NLD 3) Prove that the system of equations

2yz+x—y—z=a,
2xz—x+y—z=a,
2xy—x—y+z=a,

a being a parameter, cannot have five distinct solutions. For what values of a
does this system have four distinct integer solutions?

(NLD 4) (SL71-8).

(NLD 5) Two half-lines a and b, with the common endpoint O, make an acute
angle a. Let A on a and B on b be points such that OA = OB, and let b’ be the
line through A parallel to b. Let 3 be the circle with center B and radius BO. We
construct a sequence of half-lines c;,c»,c¢3,..., all lying inside the angle ¢, in
the following manner:

(1) ¢y is given arbitrarily;

(ii) for every natural number k, the circle 3 intercepts on ¢, a segment that is

of the same length as the segment cut on b’ by a and ¢4 1.

Prove that the angle determined by the lines ¢; and b has a limit as k tends to
infinity and find that limit.

(NLD 6) A square 2n x 2n grid is given. Let us consider all possible paths along
grid lines, going from the center of the grid to the border, such that (1) no point
of the grid is reached more than once, and (2) each of the squares homothetic to
the grid having its center at the grid center is passed through only once.
(a) Prove that the number of all such paths is equal to 4T/, (16i —9).
(b) Find the number of pairs of such paths that divide the grid into two congru-
ent figures.
(c) How many quadruples of such paths are there that divide the grid into four
congruent parts?
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(POL 1) (SL71-9).
(POL 2) (SL71-10).
(POL 3) (SL71-11).

(POL 4) Let S be acircle, and o = {A},...,A,} a family of open arcs in S. Let
N(ot) = n denote the number of elements in o. We say that « is a covering of §
if UZ:] A DS.

Let o« ={Ay,...,A,} and B = {By,...,Bn} be two coverings of S. Show that we
can choose from the family of all sets A;NB;,i=1,2,...,n, j=1,2,....m, a
covering y of S such that N(y) < N(a)+N(f).

(POL 5) Let A, B,C be three points with integer coordinates in the plane and K
a circle with radius R passing through A, B,C. Show that AB- BC - CA > 2R, and
if the center of K is in the origin of the coordinates, show that AB- BC-CA > 4R.

(POL 6) (SL71-12).
(SWE 1) Prove that

) (-2 ) (14 L) =23
23 33 43 W) "2 T ET

(SWE 2) Consider the set of grid points (m,n) in the plane, m, n integers. Let &
be a finite subset and define

S(e)= 3, (100— |m|—|nl).

(m,n)ec

Find the maximum of S, taken over the set of all such subsets ©.

(SWE 3) Let L;, i = 1,2,3, be line segments on the sides of an equilateral
triangle, one segment on each side, with lengths /;, i = 1,2,3. By L] we denote
the segment of length /; with its midpoint on the midpoint of the corresponding
side of the triangle. Let M (L) be the set of points in the plane whose orthogonal
projections on the sides of the triangle are in L;,L;, and L3, respectively; M (L")
is defined correspondingly. Prove that if /; > I, 4 I3, we have that the area of
M(L) is less than or equal to the area of M(L*).

(SWE 4) Show that for nonnegative real numbers a,b and integers n > 2,

a*+ b < a+b\"
2 2 ’

When does equality hold?
(SWE 5) (SL71-13).
(SWE 6) Letm and n denote integers greater than 1, and let v(n) be the number

of primes less than or equal to n. Show that if the equation # =mhas a solution

(in n), then so does the equation ﬁ =m-—1.
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(USS 1) (SL71-14).

(USS 2) (SL71-15).

(USS 3) A sequence of real numbers xy,x3,...,x, is given such that x;;| =
xi+ g /1 32 i=1.2..... andx; = 0. Can n be equal to 50000 if x, < 12

(USS 4) Diagonals of a convex quadrilateral ABCD intersect at a point O. Find
all angles of this quadrilateral if K OBA =30°, £OCB = 45°, £{ODC = 45°, and
£OAD =30°.

(USS 5) (SL71-16).

(USS 6) Suppose that the sides AB and DC of a convex quadrilateral ABCD
are not parallel. On the sides BC and AD, pairs of points (M,N) and (K,L) are
chosen such that BM = MN = NC and AK = KL = LD. Prove that the areas of
triangles OKM and OLN are different, where O is the intersection point of AB
and CD.

(YUG 1) (SL71-17).

(YUG 2) Denote by x,(p) the multiplicity of the prime p in the canonical rep-
resentation of the number n! as a product of primes. Prove that )%p) < Iﬁ and

Wlp) 1

lim;, co == = o=

(YUG 3) A set M is formed of (Zn”) men, n=1,2,.... Prove that we can choose
a subset P of the set M consisting of n+ 1 men such that one of the following
conditions is satisfied:

(1) every member of the set P knows every other member of the set P;
(2) no member of the set P knows any other member of the set P.

(YUG 4) Prove that the polynomial x* + Ax> + ux? 4 vx + 1 has no real roots if
A, 4, v are real numbers satisfying ||+ [u| 4 [v| < V2.

3.13.3 Shortlisted Problems

1.

3.

(BGR 2) Consider a sequence of polynomials Py(x), Py (x), Pa(x),..., Pu(x),...,
where Py(x) = 2, P;(x) = x and for every n > 1 the following equality holds:
Poi1(x) + Py—1(x) = xP,(x). Prove that there exist three real numbers a, b, ¢ such
that foralln > 1,

(8% = 4)[P7 (x) — 4] = [aPys1 (x) + bPa(x) + Py (x)]. (1)

(BGR 5)™O5 Prove that for every natural number m > 1 there exists a finite set
S of points in the plane satisfying the following condition: If A is any point in
S, then there are exactly m points in S, whose distance to A equals 1.

(GDR 1) Knowing that the system
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x+y+z=23,
Syied =15,
Ayttt =35,

has a real solution x, y, z for which x*> +y? +z < 10, find the value of x> +y° 4 2°
for that solution.

. (UNK 3) We are given two mutually tangent circles in the plane, with radii
ri1, 2. A line intersects these circles in four points, determining three segments
of equal length. Find this length as a function of ; and », and the condition for
the solvability of the problem.

. (HUN 1)MO! et a, b, ¢, d, e be real numbers. Prove that the expression

(@a—b)la—c)(a—d)(a—e)+(b—a)(b—c)(b—d)(b—e)
e —a)(e—b)(e—d)(c—e) + (d—a)(d — b)(d — ) (d —e)
+(e—a)(e—Db)(e—c)(e—d).

is nonnegative.

. (HUN7) Letn > 2 be a natural number. Find a way to assign natural numbers to
the vertices of a regular 2”-gon such that the following conditions are satisfied:
(i) only digits 1 and 2 are used;
(i) each number consists of exactly » digits;
(iii) different numbers are assigned to different vertices;
(iv) the numbers assigned to two neighboring vertices differ at exactly one digit.

. (NLD 1)™%* Given a tetrahedron ABCD all of whose faces are acute-angled
triangles, set
0 = ADAB+ ABCD — LABC— £CDA.

Consider all closed broken lines XYZTX whose vertices X,Y,Z,T lie in the
interior of segments AB, BC,CD, DA respectively. Prove that:
(a) if o # 0, then there is no broken line XY ZT of minimal length;
(b) if 0 =0, then there are infinitely many such broken lines of minimal length.
That length equals 2ACsin(ct/2), where

o = ABAC+ £CAD + £DAB.

. (NLD 4) Determine whether there exist distinct real numbers a, b, ¢, t for which:
(i) the equation ax® + btx + ¢ = 0 has two distinct real roots x,x2,
(i) the equation bx? + ctx +a = 0 has two distinct real roots x,x3,
(iii) the equation cx? 4+ atx + b = 0 has two distinct real roots x3,x;.

_(POL1) Let T, —k—1fork=1,2,3,4 and
Top1 = Top 2 +252%  Ty=Ty s5+2F (k>3).

Show that for all %,
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12 17
1+1,- 1 = [72"1] and  1+7,= [72"1} ;

where [x] denotes the greatest integer not exceeding x.

(POL 2)™93 Prove that the sequence 2" — 3 (n > 1) contains a subsequence of
numbers relatively prime in pairs.

(POL 3) The matrix

satisfies the inequality Z?:l la j1X1+- - +a jnxn| < M for each choice of numbers
x; equal to £1. Show that

|aii +axn+- - +am| <M.
(POL 6) Two congruent equilateral triangles ABC and A’B'C’ in the plane are

given. Show that the midpoints of the segments AA’, BB, CC’ either are collinear
or form an equilateral triangle.

(SWE 5)™MO6 Consider the n x n array of nonnegative integers

ayip ayp ... dip
az) az - dp

Adpl Ap2 - .. Qnn

with the following property: If an element a;; is zero, then the sum of the ele-
ments of the ith row and the jth column is greater than or equal to n. Prove that

the sum of all the elements is greater than or equal to %nz.

(USS 1) A broken line AjA;...A, is drawn in a 50 x 50 square, so that the
distance from any point of the square to the broken line is less than 1. Prove that
its total length is greater than 1248.

(USS 2) Natural numbers from 1 to 99 (not necessarily distinct) are written on
99 cards. It is given that the sum of the numbers on any subset of cards (including
the set of all cards) is not divisible by 100. Show that all the cards contain the
same number.

(USS 5)MOZ Given a convex polyhedron P; with 9 vertices A, ..., Ao, let us de-
note by P>, P3, ..., Py the images of P; under the translations mapping the vertex
Aj to Ay, As,...,Ag respectively. Prove that among the polyhedra Py,...,Py at
least two have a common interior point.

(YUG 1) Prove the inequality
ay+az ar+as az+a; ags+ap 4
ay+a ay+az aztas asg+ay
where a; > 0,i=1,2,3,4.
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3.14 The Fourteenth IMO
Warsaw-Torun, Poland, July 5-17, 1972

3.14.1 Contest Problems
First Day (July 10)

1. A set of 10 positive integers is given such that the decimal expansion of each
of them has two digits. Prove that there are two disjoint subsets of the set with
equal sums of their elements.

2. Prove that for each n > 4 every cyclic quadrilateral can be decomposed into n
cyclic quadrilaterals.

")

3. Let m and n be nonnegative integers. Prove that % is an integer (0! = 1).

Second Day (July 11)

4. Find all solutions in positive real numbers x; (i = 1,2,3,4,5) of the following
system of inequalities:

(x1 —X3x5)(x% x3x5) <0 6))
( —x4x1) (45 = x4x1) <0 (ii)

2 —x5x2) (%] —x5x2) <0 (iii)
( X1X3)(X§7XI)C3) § 0 (IV)
(xs — xox4) (X7 — x2x4) <0 )

5. Let f and @ be real functions defined in the interval (—eo, o) satisfying the func-
tional equation

Ja+y)+fx=y)=200)f(x),
for arbitrary real x,y (give examples of such functions). Prove that if f(x) is not
identically 0 and | f(x)| < 1 for all x, then |@(x)| < 1 for all x.

6. Given four distinct parallel planes, show that a regular tetrahedron exists with a
vertex on each plane.

3.14.2 Longlisted Problems
1. (BGR 1) Find all integer solutions of the equation
14 x 422420 +x* =yt

2. (BGR 2) Find all real values of the parameter a for which the system of equa-
tions
X = = yz— X +a,
YW=y +a,
= Xy — 2+ a,

has at most one real solution.
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. (BGR 3) On aline a set of segments is given of total length less than 1. Prove
that every set of n points of the line can be translated in some direction along
the line for a distance smaller than /2 so that none of the points remain on the
segments.

. (BGR 4) Given a triangle, prove that the points of intersection of three pairs of
trisectors of the inner angles at the sides lying closest to those sides are vertices
of an equilateral triangle.

. (BGR 5) Given a pyramid whose base is an n-gon inscribable in a circle, let
H be the projection of the top vertex of the pyramid to its base. Prove that the
projections of H to the lateral edges of the pyramid lie on a circle.

. (BGR 6) Prove the inequality

T T
(n+1)cos —ncos— > 1
n+1 n

for all natural numbers n > 2.
. (BGR7) (SL72-1).
. (CZS 1) (SL72-2).
. (CZS 2) Given natural numbers k and n, k < n, n > 3, find the set of all values

in the interval (0,7) that the kth-largest among the interior angles of a convex
ngon can take.

(CZS 3) Given five points in the plane, no three of which are collinear, prove
that there can be found at least two obtuse-angled triangles with vertices at the
given points. Construct an example in which there are exactly two such triangles.

(CZS 4) (SL72-3).

(CZS 5) A circle k= (S,r) is given and a hexagon AA’BB'CC’ inscribed in it.
The lengths of sides of the hexagon satisfy AA" = A’B, BB’ = B'C, CC' = C'A.
Prove that the area P of triangle ABC is not greater than the area P’ of triangle
A’B'C’'. When does P = P’ hold?

(CZS 6) Given a sphere K, determine the set of all points A that are vertices of

some parallelograms ABCD that satisfy AC < BD and whose entire diagonal BD
is contained in K.

(UNK 1) (SL72-7).
(UNK 2) (SL72-8).

(UNK 3) Consider the set S of all the different odd positive integers that are not
multiples of 5 and that are less than 30m, m being a positive integer. What is the
smallest integer k such that in any subset of k integers from S there must be two
integers one of which divides the other? Prove your result.

(UNK 4) A solid right circular cylinder with height 4 and base-radius r has a
solid hemisphere of radius r resting upon it. The center of the hemisphere O is on
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the axis of the cylinder. Let P be any point on the surface of the hemisphere and
Q the point on the base circle of the cylinder that is furthest from P (measuring
along the surface of the combined solid). A string is stretched over the surface
from P to Q so as to be as short as possible. Show that if the string is not in a
plane, the straight line PO when produced cuts the curved surface of the cylinder.

(UNK 5) We have p players participating in a tournament, each player playing
against every other player exactly once. A point is scored for each victory, and
there are no draws. A sequence of nonnegative integers s1 <53 <53 <--- <5
is given. Show that it is possible for this sequence to be a set of final scores of
the players in the tournament if and only if

p k
) Z{Si = %p(pf 1) and (i) forallk < p, i;si > %k(kf 1).
(UNK 6) Let S be a subset of the real numbers with the following properties:
(i) IfxeSandye S, thenx—y€S;
(i) Ifxe Sandy e S, thenxy € S;
(iii) S contains an exceptional number x” such that there is no number y in S
satisfying X'y +x' +y = 0;
(iv) If x € S and x # X/, there is a number y in S such that xy +x+y=0.
Show that
(a) S has more than one number in it;
(b) x' # —1 leads to a contradiction;
(¢) x€ Sandx #0implies 1 /x € S.

(GDR 1) (SL72-4).
(GDR 2) (SL72-5).
(GDR 3) (SL72-6).

(MNG 1) Does there exist a 2n-digit number az,a5,—1 - ..a; (for an arbitrary n)
for which the following equality holds:

azn...alz(an...al)z?

(MNG 2) The diagonals of a convex 18-gon are colored in 5 different colors,
each color appearing on an equal number of diagonals. The diagonals of one
color are numbered 1,2, .. .. One randomly chooses one-fifth of all the diagonals.
Find the number of possibilities for which among the chosen diagonals there
exist exactly n pairs of diagonals of the same color and with fixed indices i, j.

(NLD 1) We consider n real variables x; (1 < i < n), where n is an integer and
n > 2. The product of these variables will be denoted by p, their sum by s, and
the sum of their squares by S. Furthermore, let & be a positive constant. We now
study the inequality ps < S*. Prove that it holds for every n-tuple (x;) if and only
if o =241

(NLD 2) (SL72-9).



82

27.
28.

29.

30.
31.
32.

33.

34.

35.

36.

37.

3 Problems

(NLD 3) (SL72-10).

(NLD 4) The lengths of the sides of a rectangle are given to be odd integers.
Prove that there does not exist a point within that rectangle that has integer dis-
tances to each of its four vertices.

(NLD 5) LetA, B,C be points on the sides B1C1,C1A1,AB; of atriangle A1 B C
such that A1A, B1B,CC are the bisectors of angles of the triangle. We have that
AC = BC andA1C1 75 BICI.

(a) Prove that C; lies on the circumcircle of the triangle ABC.

(b) Suppose that K BAC| = 1/6; find the form of triangle ABC.

(NLD 6) (SL72-11).
(ROU 1) Find values of n € N for which the fraction g:—:g is reducible.

(ROU 2) If ny,ny,...,n; are natural numbers and n; +ny + - - - + n; = n, show
that

max mng-oomp= (14 1)1,
ny+-+n=n

where ¢t = [n/k] and r is the remainder of n upon division by k; i.e., n =tk +r,
0<r<k-1.

(ROU 3) A rectangle ABCD is given whose sides have lengths 3 and 2n, where
n is a natural number. Denote by U (n) the number of ways in which one can cut
the rectangle into rectangles of side lengths 1 and 2.

(a) Provethat U(n+1)+U(n—1)=4U(n);

(b) Prove that U(n) = 7= [(v3+ 1) 2 +V3)" + (V3 - 1)(2 - v3)"].

(ROU 4) If pis a prime number greater than 2 and a, b, ¢ integers not divisible
by p, prove that the equation

ax2+by2:pz+c

has an integer solution.

(ROU 5) (a) Prove that for a,b,c,d € R,m € [1,+o0) witham+b=—cm+d =
m,
. mZ
@) \/a2+zz2+¢c2+d2+ Vi{a—c)?+(b—d)> > {2, and
(i) 2 < 5 <4,
(b) Express a,b,c,d as functions of m so that there is equality in (1).

(ROU 6) A finite number of parallel segments in the plane are given with the
property that for any three of the segments there is a line intersecting each of
them. Prove that there exists a line that intersects all the given segments.

(SWE 1) On a chessboard (8 x 8 squares with sides of length 1) two diagonally
opposite corner squares are taken away. Can the board now be covered with
nonoverlapping rectangles with sides of lengths 1 and 2?



38.

39.

40.

41.

42.

43.

44.
45.

46.

3.14 IMO 1972 83

(SWE 2) Congruent rectangles with sides m (cm) and n (cm) are given (m,n
positive integers). Characterize the rectangles that can be constructed from these
rectangles (in the fashion of a jigsaw puzzle). (The number of rectangles is un-
bounded.)

(SWE 3) How many tangents to the curve y = x> — 3x (y = x> + px) can be
drawn from different points in the plane?

(SWE 4) Prove the inequalities

sinu _Tu T
<—< ==, for0<u<v<—.
sinv — 2 v 2

<=

(SWE 5) The ternary expansion x = 0.10101010... is given. Give the binary
expansion of x.

Alternatively, transform the binary expansion y =0.110110110... into a ternary
expansion.

(SWE 6) The decimal number 13!°! is given. It is instead written as a ternary
number. What are the two last digits of this ternary number?

(USS 1) A fixed point A inside a circle is given. Consider all chords XY of the
circle such that ZXAY is aright angle, and for all such chords construct the point
M symmetric to A with respect to XY. Find the locus of points M.

(USS 2) (SL72-12).

(USS 3) Let ABCD be a convex quadrilateral whose diagonals AC and BD inter-
sect at point O. Let a line through O intersect segment AB at M and segment CD

at N. Prove that the segment MN is not longer than at least one of the segments
AC and BD.

(USS 4) Numbers 1,2,...,16 are written in a 4 X 4 square matrix so that the
sum of the numbers in every row, every column, and every diagonal is the same
and furthermore that the numbers 1 and 16 lie in opposite corners. Prove that
the sum of any two numbers symmetric with respect to the center of the square
equals 17.

3.14.3 Shortlisted Problems

1.

(BGR 7)™MO5 Let f and ¢ be real functions defined on the set R satisfying the
functional equation

Fr+y)+fx=y)=200)f(x), (1)

for arbitrary real x,y (give examples of such functions). Prove that if f(x) is not
identically 0 and | f(x)| < 1 for all x, then |@(x)| < 1 for all x.

(CZS 1) We are given 3n points Aj,A»,...,As, in the plane, no three of them
collinear. Prove that one can construct n disjoint triangles with vertices at the
points A;.
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. (CZS 4) Letxy,xp,...,x, be real numbers satisfying x; +x, + ---+x, = 0. Let

m be the least and M the greatest among them. Prove that

x%+x%—|—-~~+xﬁ < —nmM.

. (GDR 1) Let nj,n; be positive integers. Consider in a plane E two disjoint

sets of points M; and M, consisting of 2n; and 2n, points, respectively, and
such that no three points of the union M; UM, are collinear. Prove that there
exists a straight line g with the following property: Each of the two half-planes
determined by g on E (g not being included in either) contains exactly half of
the points of M; and exactly half of the points of M.

. (GDR 2) Prove the following assertion: The four altitudes of a tetrahedron

ABCD intersect in a point if and only if

AB? 4+ CD? = BC? + AD* = CA* + BD?.

. (GDR 3) Show that for any n #Z 0 (mod 10) there exists a multiple of n not

containing the digit O in its decimal expansion.

(UNK 1)M96 (2) A plane 7 passes through the vertex O of the regular tetrahe-
dron OPQR. We define p,q,r to be the signed distances of P, Q,R from 7
measured along a directed normal to 7. Prove that

2+ (r=p)+(p—q) =24,

P+a’+r+(g-r)
where a is the length of an edge of a tetrahedron.
(b) Given four parallel planes not all of which are coincident, show that a reg-
ular tetrahedron exists with a vertex on each plane.

. (UNK 2)™93 Let m and n be nonnegative integers. Prove that m!n!(m + n)!

divides (2m)!(2n)!.

. (NLD 2)™©* Find all solutions in positive real numbers x; (i = 1,2,3,4,5) of

the following system of inequalities:

(xi —x3x5)(x§ —x3x5) <0, (1)
(3 —xax1) (x5 —x4x1) <0, (ii)
(23 — x532) (x] — x532) <0, (i)
(og —x1x3) (3 —x123) <0, (iv)
(x5 — x2x4) (¥ —x204) <O )

(NLD 3)™M©2 Prove that for each n > 4 every cyclic quadrilateral can be decom-
posed into n cyclic quadrilaterals.

(NLD 6) Consider a sequence of circles Ky, K>, K3, Ky, ... of radii |, rp, 3, 14,
..., respectively, situated inside a triangle ABC. The circle K| is tangent to AB
and AC; K, is tangent to K|, BA, and BC; K3 is tangent to K>, CA, and CB; Ky is
tangent to K3, AB, and AC;; etc.
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(a) Prove the relation
1 1 1 1
r cot§A+2\/r1r2+rgcot§B:r cotEA—i—cotEB ,

where r is the radius of the incircle of the triangle ABC. Deduce the exis-
tence of a #; such that

1 1
ry = rcotEBcotECsinztl.

(b) Prove that the sequence of circles K|, K5, ... is periodic.

12. (USS 2)™O! A set of 10 positive integers is given such that the decimal expan-
sion of each of them has two digits. Prove that there are two disjoint subsets of
the set with equal sums of their elements.
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3.15 The Fifteenth IMO
Moscow, Soviet Union, July 5-16, 1973

3.15.1 Contest Problems

First Day (July 9)

. . ‘) L> ‘) . .
. Let O be a point on the line / and OP;,OP>, ..., OP, unit vectors such that points

P,P5, ..., P, and line [ lie in the same plane and all points P; lie in the same
half-plane determined by [. Prove that if » is odd, then

— — —
H0P1+0P2+~~~+0Pn > 1.

(H(T/IH is the length of vector 0—1\;1).

. Does there exist a finite set M of points in space, not all in the same plane, such

that for each two points A, B € M there exist two other points C,D € M such that
lines AB and CD are parallel but not equal?

. Determine the minimum of a® + b2 if @ and b are real numbers for which the

equation
Hrald b +ax+1=0

has at least one real solution.

Second Day (July 10)

. A soldier has to investigate whether there are mines in an area that has the form

of equilateral triangle. The radius of his detector’s range is equal to one-half
the altitude of the triangle. The soldier starts from one vertex of the triangle.
Determine the shortest path through which the soldier has to pass in order to
check the entire region.

. Let G be a set of functions f : R — R of the form f(x) = ax+ b, where a and b

are real numbers and a # 0. Suppose that G satisfies the following conditions:
(1) If f,g € G, then go f € G, where (go f)(x) = g[f(x)].
(@) If f € G and f(x) = ax+ b, then the inverse f~' of f belongs to G
(/7 () = (x—b)/a).
(3) For each f € G there exists a number x; € R such that f(x;) = xy.
Prove that there exists a number k € R such that f(k) =k forall f € G.

. Letay,an,...,a, be positive numbers and g a given real number, 0 < g < 1. Find

n real numbers by, by, ..., b, that satisfy:
(1) ap < by forallk=1,2,....n;
2) g< bg—:l < Lforallk=1,2,...,n—1;

(3) bi+by+-+by < Fl(ar+ar+--+ay).
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3.15.2 Shortlisted Problems

1.

10.

11.

(BGR 6) Let a tetrahedron ABCD be inscribed in a sphere S. Find the locus of
points P inside the sphere S for which the equality

AP+BP+CP+DP*4

PA;  PB; PCy PD;
holds, where Ay,B;,Cy, and D, are the intersection points of S with the lines
AP,BP,CP, and DP, respectively.

. (CZS 1) Given a circle K, find the locus of vertices A of parallelograms ABCD

with diagonals AC < BD, such that BD is inside K.

. (CZS 6)™O! Prove that the sum of an odd number of unit vectors passing

through the same point O and lying in the same half-plane whose border passes
through O has length greater than or equal to 1.

. (UNK 1) Let P be a set of 7 different prime numbers and C a set of 28 different

composite numbers each of which is a product of two (not necessarily different)
numbers from P. The set C is divided into 7 disjoint four-element subsets such
that each of the numbers in one set has a common prime divisor with at least two
other numbers in that set. How many such partitions of C are there?

. (FRA 2) A circle of radius 1 is located in a right-angled trihedron and touches

all its faces. Find the locus of centers of such circles.

. (POL 2)™0? Does there exist a finite set M of points in space, not all in the

same plane, such that for each two points A, B € M there exist two other points
C,D € M such that lines AB and CD are parallel?

. (POL 3) Given a tetrahedron ABCD, let x = AB-CD, y = AC-BD, and z =

AD - BC. Prove that there exists a triangle with edges x, y, z.

. (ROU 1) Prove that there are exactly ([k]/(Z]) arrays ay,dy,...,dg. of nonnega-

tive integers such that a; = 0 and |a; —a; 41| =1 fori=1,2,... k.

. (ROU 2) Let Ox, 0y, Oz be three rays, and G a point inside the trihedron Oxyz.

Consider all planes passing through G and cutting Ox, Oy, Oz at points A,B,C,
respectively. How is the plane to be placed in order to yield a tetrahedron OABC
with minimal perimeter?

(SWE 3)MO et qy,a,,...,a, be positive numbers and ¢ a given real number,
0 < g < 1. Find n real numbers by, by, ..., b, that satisfy:

(1) ap < b forallk=1,2,....n;

@) q<%t < Lforallk=1.2,..n—1;

(3) by+byt+-+b, < E—Z(m +ax+---+ay).

(SWE 4)MO3 Determine the minimum of a2 + b2 if @ and b are real numbers for
which the equation
P rald+b+ax+1=0
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has at least one real solution.

(SWE 6) Consider the two square matrices

1 1 1 1 1 1 1 1 1 1
1 1 1-1-1 I 1 1-1-1
A=|1-1-1 1 1 and B=|1 1-1 1-1
1-1-1-1 1 1-1-1 1 1
1 1-1 1-1 1-1 1-1 1

with entries 1 and —1. The following operations will be called elementary:

(1) Changing signs of all numbers in one row;

(2) Changing signs of all numbers in one column;

(3) Interchanging two rows (two rows exchange their positions);

(4) Interchanging two columns.
Prove that the matrix B cannot be obtained from the matrix A using these opera-
tions.

(YUG 4) Find the sphere of maximal radius that can be placed inside every
tetrahedron that has all altitudes of length greater than or equal to 1.

(YUG 5)™MO4 A soldier has to investigate whether there are mines in an area
that has the form of an equilateral triangle. The radius of his detector is equal to
one-half of an altitude of the triangle. The soldier starts from one vertex of the
triangle. Determine the shortest path that the soldier has to traverse in order to
check the whole region.

(CUB 1) Prove that for all n € N the following is true:

I km
2" i =2 1.
kl:[lsmzn_i_1 n-+

(CUB2) Givena,0 € R, m €N, and P(x) = x>" — 2|a|"x" cos 6 + a*", factorize
P(x) as a product of m real quadratic polynomials.

(POL 1)M95 Let .# be a nonempty set of functions f : R — R of the form
f(x) = ax+ b, where a and b are real numbers and a # 0. Suppose that .#
satisfies the following conditions:

() If f,g € F,then go f € F, where (go f)(x) = g[f(x)].

() If f € .F and f(x) = ax + b, then the inverse f~!' of f belongs to .7

(f'(x) = (x=b)/a).

(3) None of the functions f(x) = x+ ¢, for ¢ # 0, belong to .%.

Prove that there exists xo € R such that f(xg) = xo for all f € Z#.
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3.16 The Sixteenth IMO
Erfurt-Berlin, DR Germany, July 4-17, 1974

3.16.1 Contest Problems

First Day (July 8)

1. Alice, Betty, and Carol took the same series of examinations. There was one
grade of A, one grade of B, and one grade of C for each examination, where
A, B,C are different positive integers. The final test scores were

Alice Betty Carol
20 10 9

If Betty placed first in the arithmetic examination, who placed second in the
spelling examination?

2. Let AABC be a triangle. Prove that there exists a point D on the side AB such
that CD is the geometric mean of AD and BD if and only if

C
VsinAsinB < sin >

3. Prove that there does not exist a natural number n for which the number
i (Zn + 1) 23k
o \2k+ 1

is divisible by 5.

Second Day (July 9)

4. Consider a partition of an 8 x 8 chessboard into p rectangles whose interiors are
disjoint such that each rectangle contains an equal number of white and black
cells. Assume thata; < ap < --- < ap, where a; denotes the number of white cells
in the ith rectangle. Find the maximal p for which such a partition is possible and
for that p determine all possible corresponding sequences ay,as,...,a,.

5. If a,b,c,d are arbitrary positive real numbers, find all possible values of

B a " b n c n d
a+b+d a+b+c b+c+d a+c+d

S

6. Let P(x) be a polynomial with integer coefficients. If n(P) is the number of
(distinct) integers k such that P?(k) = 1, prove that n(P) — deg(P) < 2, where
deg(P) denotes the degree of the polynomial P.
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3 Problems

3.16.2 Longlisted Problems

1.
2.

(BGR 1) (SL74-11).

(BGR 2) Let {u,} be the Fibonacci sequence, i.e., ugp =0, u; = 1, u, = up_1 +
u,_o for n > 1. Prove that there exist infinitely many prime numbers p that divide
Up—1.

. (BGR 3) Let ABCD be an arbitrary quadrilateral. Let squares ABB{A,, BCC B3,

CDDC>, DAA D> be constructed in the exterior of the quadrilateral. Further-
more, let AA;PA; and CC1QC, be parallelograms. For any arbitrary point P in
the interior of ABCD, parallelograms RASC and RPTQ are constructed. Prove
that these two parallelograms have two vertices in common.

. BGR 4) Let K,,K;,K. with centers O,,0p, O, be the excircles of a triangle

ABC, touching the interiors of the sides BC,CA,AB at points Ty, Ty, T, respec-
tively.

Prove that the lines O, T, O, T}, O T, are concurrentin a point P for which PO, =
PO, = PO, = 2R holds, where R denotes the circumradius of ABC. Also prove
that the circumcenter O of ABC is the midpoint of the segment PJ, where J is
the incenter of ABC.

. (BGR 5) A straight cone is given inside a rectangular parallelepiped B, with the

apex at one of the vertices, say 7', of the parallelepiped, and the base touching
the three faces opposite to 7'. Its axis lies at the long diagonal through 7. If V;
and V; are the volumes of the cone and the parallelepiped respectively, prove

that Voo \/§775V2
b=""7

. (CUB 1) Prove that the product of two natural numbers with their sum cannot

be the third power of a natural number.

. (CUB 2) Let p be a prime number and n a natural number. Prove that the product

v=L T w-0(")]

P st pi

is a natural number that is not divisible by p.

. (CUB 3) (SL74-9).

. (CZS 1) Solve the following system of linear equations with unknown x, ..., x,
(n > 2) and parameters cy,...,Cp:
ZJC] —X2 = (1,
—x1 +2x2 —x3 = 02
—X2 +2x3 —X4 = c3;

—Xp—2 +2Xp 1 —Xp = Cp_1;
—Xp—1 +2x, = cp.
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(CZS 2) A regular octagon P is given whose incircle k has diameter 1. About k
is circumscribed a regular 16-gon, which is also inscribed in P, cutting from P
eight isosceles triangles. To the octagon P, three of these triangles are added so
that exactly two of them are adjacent and no two of them are opposite to each
other. Every 11-gon so obtained is said to be P’.

Prove the following statement: Given a finite set M of points lying in P such that
every two points of this set have a distance not exceeding 1, one of the 11-gons
P’ contains all of M.

(CZS 3) Given a line p and a triangle A in the plane, construct an equilateral
triangle one of whose vertices lies on the line p, while the other two halve the
perimeter of A\.

(CZS 4) Acircle K withradius r, a point D on K, and a convex angle with vertex
S and rays a and b are given in the plane. Construct a parallelogram ABCD such
that A and B lie on a and b respectively, SA + SB = r, and C lies on K.

(FIN 1) Prove that 2'47 — 1 is divisible by 343.

(FIN 2) Let n and k be natural numbers and ay,as, ..., a, positive real numbers
satisfying a| +a + - - - +a, = 1. Prove that

ar*+ayk+ - a k>

(FIN 3) (SL74-10).

(UNK 1) A pack of 2n cards contains n different pairs of cards. Each pair con-
sists of two identical cards, either of which is called the twin of the other. A
game is played between two players A and B. A third person called the dealer
shuffles the pack and deals the cards one by one face upward onto the table. One
of the players, called the receiver, takes the card dealt, provided he does not have
already its twin. If he does already have the twin, his opponent takes the dealt
card and becomes the receiver. A is initially the receiver and takes the first card
dealt. The player who first obtains a complete set of n different cards wins the
game. What fraction of all possible arrangements of the pack lead to A winning?
Prove the correctness of your answer.

(UNK 2) Show that there exists a set S of 15 distinct circles on the surface of a
sphere, all having the same radius and such that 5 touch exactly 5 others, 5 touch
exactly 4 others, and 5 touch exactly 3 others.

(UNK 3) (SL74-5).

(UNK 4) (Alternative to UNK 2) Prove that there exists, for n > 4, a set S of
3n equal circles in space that can be partitioned into three subsets ss, s4, and s3,
each containing n circles, such that each circle in s, touches exactly r circles in
S.

(NLD 1) For which natural numbers 7 do there exist n natural numbers a; (1 <
i <n)such that ¥ a; 2 =17
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3 Problems

(NLD 2) Let M be a nonempty subset of Z " such that for every element x in M,
the numbers 4x and [,/x] also belong to M. Prove that M = Z*.

(NLD 3) (SL74-8).
(POL 1) (SL74-2).
(POL 2) (SL74-7).

(POL 3) Let f:R — R be of the form f(x) = x+ €sinx, where 0 < |¢| < 1.
Define for any x € R,

Xy = fo-of(x).
——
n times

Show that for every x € R there exists an integer k such that lim,,_,.. x,, = k7.

(POL 4) Let g(k) be the number of partitions of a k-element set M, i.e., the
number of families {A,A,...,As} of nonempty subsets of M such that A; N
Aj=0fori# jand U A; = M. Prove that

n" < g(2n) < (2n)*  for every n.

(ROU 1) Let C; and G, be circles in the same plane, P, and P, arbitrary points
on C; and G, respectively, and Q the midpoint of segment P . Find the locus
of points Q as P; and P, go through all possible positions.

Alternative version. Let Cy,C,,Cs be three circles in the same plane. Find the
locus of the centroid of triangle P, P,P3 as Py, P>, and P53 go through all possible
positions on Cy, C,, and C; respectively.

(ROU 2) Let M be a finite set and P = {M,,M>,... ,M;} a partition of M (i.e.,
K M; =M, M; # 0, M;NM; =0 foralli,je{1,2,...,k}, i # j). We define
the following elementary operation on P:
Choose i, j € {1,2,...,k}, such that i # j and M; has a elements and M;
has b elements such that a > b. Then take b elements from M; and place
them into M}, i.e., M; becomes the union of itself unifies and a b-element
subset of M;, while the same subset is subtracted from M; (if a = b, M; is
thus removed from the partition).
Let a finite set M be given. Prove that the property “for every partition P of M
there exists a sequence P = P|, P, ..., P, such that Py is obtained from P, by an
elementary operation and P. = {M}” is equivalent to “the number of elements
of M is a power of 2.”

(ROU 3) Let A,B,C,D be points in space. If for every point M on the segment
AB the sum
area(AMC)+area(CM D)+area(DMB)

is constant show that the points A, B,C, D lie in the same plane.

(ROU 4) (SL74-6).
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(ROU 5) Lety* =37"  x¥, where o # 0,y > 0, x; > 0 are real numbers, and
let 2 # o be a real number. Prove that y* > Y x} if a(A — o) > 0, and y* <
1 xkifo(d —a) <0.

(SWE 1) Let ay,ay,...,a, be n real numbers such that 0 < a < aq; < b for
k=1,2,....n1f

1
(af +a3+ - +ap),

1
m =—(a;+ay+---+a,) and mp=-
n n

(a+b)*

a
prove that mp < -

ity.
(SWE 2) Let a be a real number such that 0 < a < 1, and let n be a positive
integer. Define the sequence ag,a;,ay,...,a, recursively by

m% and find a necessary and sufficient condition for equal-

1
ay=a, Qpyi :ak—f——a,% fork=0,1,....n—1.
n

Prove that there exists a real number A, depending on a but independent of n,
such that
0<n(A—a,) <A>.

(SWE 3) (SL74-3).

(SWE 4) If p and g are distinct prime numbers, then there are integers xg and yg
such that 1 = pxg + ¢gyo. Determine the maximum value of b — a, where a and b
are positive integers with the following property: If « <t < b, and ¢ is an integer,
then there are integers x and y with 0 <x < g—1and 0 <y < p— 1 such that
t = px+qgy.

(SWE 5) Consider infinite diagrams

D = |20 N21 N2 ...
nipny Ny ...
noo No1 no2 - - -

where all but a finite number of the integers n;;,1=0,1,2,..., j=0,1,2,..., are
equal to 0. Three elements of a diagram are called adjacent if there are integers
i and j with i > 0 and j > O such that the three elements are

(i) mj, nijr1,  nijya,  oOr

(i) nmij,  nigy,  mig2,  Or
(i) miy2j,  Miv1j+1, Mijt2-
An elementary operation on a diagram is an operation by which three adjacent
elements n;; are changed into 7] ; in such a way that |nij—n; j| = 1. Two diagrams
are called equivalent if one of them can be changed into the other by a finite
sequence of elementary operations. How many inequivalent diagrams exist?
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3 Problems

(USA 1) Let a, b, and ¢ denote the three sides of a billiard table in the shape
of an equilateral triangle. A ball is placed at the midpoint of side a and then
propelled toward side b with direction defined by the angle 6. For what values
of 6 will the ball strike the sides b, c,a in that order?

(USA 2) Consider the binomial coefficients (Z) = Wlk)' k=1,2,....n—
1). Determine all positive integers n for which (}),(5),...,(,",) are all even

numbers.

(USA 3) Letnbe a positive integer, n > 2, and consider the polynomial equation
M= x12=0.

For each n, determine all complex numbers x that satisfy the equation and have
modulus |x| = 1.

(USA 4) (SL74-1).

(USA 5) Through the circumcenter O of an arbitrary acute-angled triangle,
chords A1A>,B1B,, CC, are drawn parallel to the sides BC,CA,AB of the tri-
angle respectively. If R is the radius of the circumcircle, prove that

A10-0Ay+B,0-0B,+C10-0C, = R?.

(USS 1) (SL74-12).

(USS 2) An (n” +n+1) x (n* +n+ 1) matrix of zeros and ones is given. If
no four ones are vertices of a rectangle, prove that the number of ones does not
exceed (n+1)(n> +n+1).

(USS 3) We are given n mass points of equal mass in space. We define a se-
quence of points O1,0,,03,... as follows: O; is an arbitrary point (within the
unit distance of at least one of the n points); O, is the center of gravity of all the
n given points that are inside the unit sphere centered at O1; O3 is the center of
gravity of all of the n given points that are inside the unit sphere centered at Oy;
etc. Prove that starting from some m, all points O, Oy+1,Op2, . .. coincide.

(USS 4) (SL74-4).

(USS 5) Outside an arbitrary triangle ABC, triangles ADB and BCE are con-
structed such that ZADB = /BEC = 90° and ZDAB = ZEBC = 30°. On the
segment AC the point ' with AF = 3FC is chosen. Prove that

/DFE =90° and /ZFDE =30°.
(VNM 1) Given two points A, B outside of a given plane P, find the positions of

points M in the plane P for which the ratio %—2 takes a minimum or maximum.

(VNM 2) Let a be a number different from zero. For all integers n define S,, =
a’+a~". Prove that if for some integer k both Sy and Sy, are integers, then for
each integer n the number S, is an integer.
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(VNM 3) Determine an equation of third degree with integral coefficients hav-

. T co 51 i =31
ng roots sin 1z, sin iz, and sin —5-.

(YUG 1) Let m and n be natural numbers with m > n. Prove that
2(m—n)*(m* —n*+1) > 2m* —2mn+1.

(YUG 2) There are n points on a flat piece of paper, any two of them at a distance
of at least 2 from each other. An inattentive pupil spills ink on a part of the paper
such that the total area of the damaged part equals 3 /2. Prove that there exist two
vectors of equal length less than 1 and with their sum having a given direction,
such that after a translation by either of these two vectors no points of the given
set remain in the damaged area.

(YUG 3) A fox stands in the center of the field which has the form of an equilat-
eral triangle, and a rabbit stands at one of its vertices. The fox can move through
the whole field, while the rabbit can move only along the border of the field. The
maximal speeds of the fox and rabbit are equal to u# and v, respectively. Prove
that:

(a) If 2u > v, the fox can catch the rabbit, no matter how the rabbit moves.

(b) If 2u < v, the rabbit can always run away from the fox.

3.16.3 Shortlisted Problems

1.

11 (USA 4)™MO! Alice, Betty, and Carol took the same series of examinations.
There was one grade of A, one grade of B, and one grade of C for each examina-
tion, where A, B, C are different positive integers. The final test scores were

Alice Betty Carol
20 10 9

If Betty placed first in the arithmetic examination, who placed second in the
spelling examination?

12 (POL 1) Prove that the squares with sides 1/1,1/2,1/3,... may be put into
the square with side 3/2 in such a way that no two of them have any interior
point in common.

. 13 (SWE 3)™M%6 et P(x) be a polynomial with integer coefficients. If n(P) is

the number of (distinct) integers k such that P?>(k) = 1, prove that
n(P) —deg(P) <2,

where deg(P) denotes the degree of the polynomial P.

. 14 (USS 4) The sum of the squares of five real numbers a;,a;,as,aq,as equals

1. Prove that the least of the numbers (a; — aj)z, wherei,j=1,2,3,4,5and i # j,
does not exceed 1/10.
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3 Problems

. I5 (UNK 3) Let A,,B,,C, be points on the circumference of a given circle S.
From the triangle A,B,C,, called A, the triangle A\, is obtained by construct-
ing the points A, 1,B,11,Cr1 on S such that A, | A, is parallel to B,C,, B, 1B,
is parallel to C,A,, and C,;C, is parallel to A,B,. Each angle of /| is an integer
number of degrees and those integers are not multiples of 45. Prove that at least
two of the triangles Ay, /\,,...,/\|5 are congruent.

. 16 (ROU 4)™O3 Does there exist a natural number n for which the number

o \2k+1

is divisible by 5?

. II'1 (POL 2) Let a;,b; be coprime positive integers fori = 1,2, ...k, and m the
least common multiple of by, ..., b;. Prove that the greatest common divisor of
a ,’)”—1, ... ,ak,'f—k equals the greatest common divisor of ay, ..., a;.

. 112 (NLD 3)™% If a, b, ¢, d are arbitrary positive real numbers, find all possible

values of
a b c d

S= .
a+b+d+a+b+c+b+c+d+a+c+d

I13 (CUB 3) Letx,y,z be real numbers each of whose absolute value is different
from 1/+/3 such that x +y + z = xyz. Prove that

3 3 3 3

3x—x +3y—y3 3z—722  3x—x 3y—) 3z—z
1—-3x2  1-3y2 1-322 1-3x2 1-3y? 1-37%

IT 4 (FIN 3)™©2 Let AABC be a triangle. Prove that there exists a point D on
the side AB such that CD is the geometric mean of AD and BD if and only if

vsinAsin B < sin %

I1 5 (BGR 1)™%* Consider a partition of an 8 x 8 chessboard into p rectangles
whose interiors are disjoint such that each of them has an equal number of white
and black cells. Assume that a1 < ap < --- < a,, where a; denotes the number
of white cells in the ith rectangle. Find the maximal p for which such a parti-
tion is possible and for that p determine all possible corresponding sequences
ap,az,...,dp.

I1 6 (USS 1) In a certain language words are formed using an alphabet of three
letters. Some words of two or more letters are not allowed, and any two such dis-
tinct words are of different lengths. Prove that one can form a word of arbitrary
length that does not contain any nonallowed word.
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3.17 The Seventeenth IMO
Burgas—Sofia, Bulgaria, 1975

3.17.1 Contest Problems

First Day (July 7)

. Letx; >x0>--->x,and y; >y, > -+ >y, be two n-tuples of numbers. Prove
that

-

(xi—yi)* < i(xi —z)°
i=1

i=1

is true when 21,22, ...,z denote y1,y2,...,y, taken in another order.

. Let aj,as,as,... be any infinite increasing sequence of positive integers. (For
every integer i > 0, a;+1 > a;.) Prove that there are infinitely many m for which
positive integers x, y, i,k can be found such that 0 < h < k < m and a,, = xa;, +
yag.
. On the sides of an arbitrary triangle ABC, triangles BPC, CQA, and ARB are
externally erected such that

£PBC = LCAQ =45°,

ABCP = £QCA = 30°,

AABR = ABAR = 15°.
Prove that {QRP = 90° and QR = RP.

Second Day (July 8)

. Let A be the sum of the digits of the number 4444444 and B the sum of the digits
of the number A. Find the sum of the digits of the number B.

. Is it possible to plot 1975 points on a circle with radius 1 so that the distance
between any two of them is a rational number (distances have to be measured by
chords)?

. The function f(x,y) is a homogeneous polynomial of the nth degree in x and y.
If f(1,0) = 1 and for all a,b,c,

fla+b,c)+ f(b+c,a)+ f(c+a,b)=0,

prove that f(x,y) = (x — 2y)(x+y)" L.

3.17.2 Shortlisted Problems

1. (FRA) There are six ports on a lake. Is it possible to organize a series of routes

satisfying the following conditions:
(i) Every route includes exactly three ports;
(i) No two routes contain the same three ports;
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3 Problems

(iii) The series offers exactly two routes to each tourist who desires to visit two
different arbitrary ports?

. (CZS)MOL T ot x; > xp > -+ > x,, and Y1 >y > --- >y, be two n-tuples of

numbers. Prove that

xi—z)?

M=
[\j:

(X,’ 7yl) <
1 i=1

is true when z1,22,...,z, denote y1,y2,...,y, taken in another order.

. (USA) Find the integer represented by {2}1(;91 n2 3} . Here [x] denotes the great-

est integer less than or equal to x (e.g. [v2] = 1).

. (SWE) Letaj,ay,...,a,,... beasequence of real numbers such that 0 < a, <1

and a, —2a,+1+ ay42 > 0forn=1,2,3,.... Prove that

0<(n+1)(an—ays1) <2 forn=1,23,....

. (SWE) Let M be the set of all positive integers that do not contain the digit 9

(base 10). If xy,...,x, are arbitrary but distinct elements in M, prove that

n

Zl<80.

j=1"%J

. (USS)™O4 I et A be the sum of the digits of the number 16'° and B the sum of

the digits of the number A. Find the sum of the digits of the number B without
calculating 16'.

. (GDR) Prove that from x+y =1 (x,y € R) it follows that

,X]n+lz< +.]) j+ n+12<n+l>xil (m,n:O,l,Z,,,,),

i=0

. (NLD)™O3 On the sides of an arbitrary triangle ABC, triangles BPC, CQA, and

ARB are externally erected such that
APBC = LCAQ =45°,
ABCP = £QCA =30°,
£ABR = £BAR = 15°.

Prove that £ QRP = 90° and QR = RP.

. (NLD) Let f(x) be a continuous function defined on the closed interval 0 < x <

1. Let G(f) denote the graph of f(x): G(f) = {(x,y) eR?> | 0<x < 1,y= f(x)}.
Let G,(f) denote the graph of the translated function f(x — a) (translated over
a distance a), defined by G,(f) = {(x,y) € R?* |a<x<a+1,y= f(x—a)}.
Is it possible to find for every a, 0 < a < 1, a continuous function f(x), defined
on 0 < x <1, such that f(0) = f(1) =0 and G(f) and G,(f) are disjoint point
sets?



10.

11.

12.

13.

14.

15.

3.17 IMO 1975 99

(UNK)™O® The function f(x,y) is a homogeneous polynomial of the nth degree
in xand y. If f(1,0) = 1 and for all a, b, c,

fla+b,c)+ f(b+c,a)+ f(c+a,b)=0,

prove that £(x,y) = (x —2y)(x+y)" 1.

(UNK)MO2 [et ay,as,a3,... be any infinite increasing sequence of positive in-
tegers. (For every integer i > 0, a;1 > a;.) Prove that there are infinitely many
m for which positive integers x, y, i,k can be found such that 0 < h < k < m and
Ay = Xap + yay.

(HEL) Consider on the first quadrant of the trigonometric circle the arcs AM| =
x1,AMy = x2,AM3 = x3,...,AM, = xy, such that x| < x; < x3 < --- < x,. Prove
that

v—1 T V= 1
in2 it1) <
Z{)sm X — ZSIH —Xit1) Z—i—Z(’)sm (Xi +Xi11)-
(ROU) LetAg,Ay,...,A, be points in a plane such that
(i) ApA| < 3A1A; < - < SlpA, 1Ay and
(i) 0 < LAQA 1Ay < LA1ALA3 < -+ < LA, 1A, 1A, < 180°,
where all these angles have the same orientation. Prove that the segments
ArAi+1,AmAn+1 do not intersect for each k and m such that 0 <k <m—2 <
n—2.
(YUG) Letxo=5and x4 = x, + ﬁ (n=0,1,2,...). Prove that 45 < x1900 <
45.1.

(USS)™O5 Is it possible to plot 1975 points on a circle with radius 1 so that the
distance between any two of them is a rational number (distances have to be
measured by chords)?
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3.18 The Eighteenth IMO
Vienna-Lienz, Austria, 1976

3.18.1 Contest Problems

First Day (July 12)

1. In a convex quadrangle with area 32 cm?, the sum of the lengths of two nonadja-
cent edges and of the length of one diagonal is equal to 16 cm. What is the length
of the other diagonal?

2. Let P(x) =x* -2, Pj(x) = Pi(Pj—1(x)), j =2,3,... . Show that for arbitrary n,
the roots of the equation P,(x) = x are real and different from one another.

3. A rectangular box can be filled completely with unit cubes. If one places the
maximal number of cubes with volume 2 in the box such that their edges are
parallel to the edges of the box, one can fill exactly 40% of the box. Determine
all possible (interior) sizes of the box.

Second Day (July 13)

4. Find the largest number obtainable as the product of positive integers whose sum
is 1976.

5. Let a set of p equations be given,

ayxy+---+aygxg =0,
azxy + - +ayxg =0,

Ap1X1 + -+ apgxy =0,

with coefficients a;; satisfying a;; = —1, 0, or +1 forall i =1,...,p and j =
L,...,q. Prove that if g = 2p, there exists a solution xp,...,x, of this system
such that all x; (j =1,...,q) are integers satisfying |x;| < g and x; # O for at
least one value of j.

6. For all positive integral n, u, | = un(uil —2)—uy,up=2,and u; = 2%. Prove
that
3log, [un] =2" — (=1)",

where [x] is the integral part of x.

3.18.2 Longlisted Problems

1. (BGR1) (SL76-1).

2. (BGR 2) Let P be a set of n points and S a set of / segments. It is known that:
(i) No four points of P are coplanar.
(i1) Any segment from S has its endpoints at P.
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(iii) There is a point, say g, in P that is the endpoint of a maximal number of
segments from S and that is not a vertex of a tetrahedron having all its edges
inS.

Prove that [ < %

. (BGR 3) (SL76-2).

. (BGR 4) Find all pairs of natural numbers (m,n) for which 2" -3" 4 1 is the
square of some integer.

5. (BGR 5) Let ABCDS be a pyramid with four faces and with ABCD as a base,
and let a plane o through the vertex A meet its edges SB and SD at points M and
N, respectively. Prove that if the intersection of the plane o with the pyramid
ABCDS is a parallelogram, then

B~ W

SM -SN > BM - DN.

6. (CZS 1) For each point X of a given polytope, denote by f(X) the sum of the
distances of the point X from all the planes of the faces of the polytope.
Prove that if f attains its maximum at an interior point of the polytope, then f is

constant.

7. (CZS 2) Let P be a fixed point and 7T a given triangle that contains the point P.
Translate the triangle 7 by a given vector v and denote by 7" this new triangle.
Let r, R, respectively, be the radii of the smallest disks centered at P that contain
the triangles 7', T’, respectively.

Prove that
r+|v| <3R
and find an example to show that equality can occur.
8. (CZS 3) (SL76-3).
9. (CZS 4) Find all (real) solutions of the system
3)61 — X2 — X3 — X5 ZO,
—x1+3x — X4 — Xg =0,
—X] +3x3 — x4 — X7 =0,
—xp —x3+ 3x4 —xg =0,
—X1 + 3x5 — X6 — X7 =0,
—X — x5+ 3x¢ —xg =0,
—X3 — X5 +3x7—x3 =0,
—X4 —x6 —x7+3x3 =0.

10. (FIN 1) Show that the reciprocal of any number of the form 2(m? +m + 1),
where m is a positive integer, can be represented as a sum of consecutive terms

in the sequence (a;)7_;,

1

GGG T2
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11.
12.

13.
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15.

16.
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19.

20.

21.

3 Problems

(FIN 2) (SL76-9).

(FIN 3) Five points lie on the surface of a ball of unit radius. Find the maximum
of the smallest distance between any two of them.

(UNK 1a) (SL76-4).
(UNK 1b) A sequence {u, } of integers is defined by

uy =2, up=u3=717,

Upt1 = UplUp—1 — Uy—n, forn>3.

Prove that for each n > 1, u, differs by 2 from an integral square.

(UNK 2) Let ABC and A’B'C’ be any two coplanar triangles. Let L be a point
such that AL||BC, A’L||B'C’, and M, N similarly defined. The line BC meets B'C’
at P, and similarly defined are Q and R. Prove that PL, QM, RN are concurrent.

(UNK 3) Prove that there is a positive integer n such that the decimal repre-
sentation of 7" contains a block of at least m consecutive zeros, where m is any
given positive integer.

(UNK 4) Show that there exists a convex polyhedron with all its vertices on
the surface of a sphere and with all its faces congruent isosceles triangles whose
ratio of sides are v/3 : /3 : 2.

(GDR 1) Prove that the number 19'970 +76!976;
(a) is divisible by the (Fermat) prime number Fj = 22t +1;
(b) is divisible by at least four distinct primes other than Fj.
(GDR 2) For a positive integer 7, let 6) be the natural number whose decimal

representation consists of n digits 6. Let us define, for all natural numbers m, k
with 1 <k <m,

ml  em . glm=1) . . glm—k+1)
[k}_ 6).62...6 -

Prove that for all m,k, X

consists of exactly k(m + k — 1) — 1 digits.

is a natural number whose decimal representation

(GDR 3) Let (a,),n=0,1,..., be a sequence of real numbers such that ay =0
and

1
3 2_q

an+1:§an* , n=0,1,....

Prove that there exists a positive number g, g < 1, such that foralln =1,2,...,
|an+1 - an| < CI|an - an71|7

and give one such ¢ explicitly.

(GDR 4) Find the largest positive real number p (if it exists) such that the
inequality
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x%+x%+~~~+xﬁ2p(x1x2+x2x3+~~~+xn,1x,,) (1)

is satisfied for all real numbers x;, and (a) n = 2; (b) n = 5.
Find the largest positive real number p (if it exists) such that the inequality (1)
holds for all real numbers x; and all natural numbers n, n > 2.

(GDR 5) A regular pentagon AjAyA3A4As with side length s is given. At each
point A; a sphere K; of radius s/2 is constructed. There are two spheres K|’ and
K5’ eah of radius s/2 touching all the five spheres K;. Decide whether K;’ and
K>’ intersect each other, touch each other, or have no common points.

(NLD 1) Prove that in a Euclidean plane there are infinitely many concentric
circles C such that all triangles inscribed in C have at least one irrational side.

(NLD 2) Let 0 <x; <xp <---<x, <1.Prove that for all A > 1 there exists an
interval / of length 2:/A such that for all x € I,

[(r— 1) (x —x2) - (x—x)| AL

(NLD 3) (SL76-5).
(NLD 4) (SL76-6).

(NLD 5) In a plane three points P,Q, R, not on a line, are given. Let k,[,m be
positive numbers. Construct a triangle ABC whose sides pass through P, Q, and
R such that

P divides the segment AB in the ratio 1 : &,

Q divides the segment BC in the ratio 1 : /, and

R divides the segment CA in the ratio 1 : m.

(POL 1a) Let Q be a unit square in the plane: Q = [0,1] x [0,1]. Let T : Q — Q
be defined as follows:

[ (2x,y/2) if0<x<1/2;
T(X,y)—{(zxyl,y/2+1/2) if1/2<x<1.

Show that for every disk D C Q there exists an integer n > 0 such that 7”(D) N
D # 0.

(POL 1b) (SL76-7).

(POL 2) Prove that if P(x) = (x —a)*Q(x), where k is a positive integer, a is a
nonzero real number, Q(x) is a nonzero polynomial, then P(x) has at least k + 1
nonzero coefficients.

(POL 3) Into every lateral face of a quadrangular pyramid a circle is inscribed.
The circles inscribed into adjacent faces are tangent (have one point in common).
Prove that the points of contact of the circles with the base of the pyramid lie on
a circle.

(POL 4) We consider the infinite chessboard covering the whole plane. In every
field of the chessboard there is a nonnegative real number. Every number is the
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arithmetic mean of the numbers in the four adjacent fields of the chessboard.
Prove that the numbers occurring in the fields of the chessboard are all equal.

(SWE 1) A finite set of points P in the plane has the following property: Every
line through two points in P contains at least one more point belonging to P.
Prove that all points in P lie on a straight line.

(SWE 2) Let {a,}{ and {b,} be two sequences determined by the recursion
formulas

A1 = an+ by,

byy1 =3a,+ by, n=0,1,2,...,
and the initial values ag = by = 1. Prove that there exists a uniquely determined
constant ¢ such that n|ca, — by| < 2 for all nonnegative integers n.

(SWE 3) (SL76-8).

(USA 1) Three concentric circles with common center O are cut by a common
chord in successive points A, B,C. Tangents drawn to the circles at the points
A,B,C enclose a triangular region. If the distance from point O to the common
chord is equal to p, prove that the area of the region enclosed by the tangents is
equal to

AB-BC-CA

2p '

(USA 2) From a square board 11 squares long and 11 squares wide, the central
square is removed. Prove that the remaining 120 squares cannot be covered by
15 strips each 8 units long and one unit wide.

(USA 3) Letx=+/a+ /b, where a and b are natural numbers, x is not an
integer, and x < 1976. Prove that the fractional part of x exceeds 10~!°76,

(USA 4) In AABC, the inscribed circle is tangent to side BC at X. Segment AX
is drawn. Prove that the line joining the midpoint of segment AX to the midpoint
of side BC passes through the center / of the inscribed circle.

(USA 5) Let g(x) be a fixed polynomial and define f(x) by f(x) = x> + xg(x?).
Show that f(x) is not divisible by x> — x + 1.

(USA 6) (SL76-10).

(USS 1) For a point O inside a triangle ABC, denote by A, By, C) the respective
intersection points of AO,BO,CO with the corresponding sides. Let n; = %,
ny, = ny = Ccl—%. What possible values of nj,n,,n3 can all be positive inte-

gers?

BO
BIO’

(USS 2) Prove that if for a polynomial P(x,y) we have P(x — 1,y —2x+ 1) =
P(x,y), then there exists a polynomial ®(x) with P(x,y) = ®@(y — x).

(USS 3) A circle of radius 1 rolls around a circle of radius v/2. Initially, the
tangent point is colored red. Afterwards, the red points map from one circle to
another by contact. How many red points will be on the bigger circle when the
center of the smaller one has made n circuits around the bigger one?
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(USS 4) We are given n (n > 5) circles in a plane. Suppose that every three of
them have a common point. Prove that all n circles have a common point.

(USS5) Fora>0,b>0,c>0,d > 0, prove the inequality

a* 4+ b* +c* +d* +2abcd > a*V? + a* P + dPd® + b2+ bPd* + PdP
(VNM 1) (SL76-11).
(VNM 2) (SL76-12).

(VNM 3) Determine whether there exist 1976 nonsimilar triangles with angles
o, 3,7, each of them satisfying the relations

sino+sinf3 +siny 12 ) . ) 12
=— and sinosinfsiny=—.
coso.+cosfB+cosy 7 25

(VNM 4) Find a function f(x) defined for all real values of x such that for all x,
flx+2) = f(x) = x> +2x+4,and if x € [0,2), then f(x) = x.

(YUG 1) Four swallows are catching a fly. At first, the swallows are at the four
vertices of a tetrahedron, and the fly is in its interior. Their maximal speeds are
equal. Prove that the swallows can catch the fly.

3.18.3 Shortlisted Problems

1.

(BGR 1) Let ABC be a triangle with bisectors AA|,BB;,CC; (A € BC, etc.)
and M their common point. Consider the triangles MB|A, MC1A, MC, B, MA|B,
MA | C, MB|C, and their inscribed circles. Prove that if four of these six inscribed
circles have equal radii, then AB = BC = CA.

. BGR 3) Let ag,ay,...,ay,a,+1 be a sequence of real numbers satisfying the

following conditions:

ap = anpy1 =0,
\ak_1—2ak+ak+1|§ 1 (k=1,2,...,n).

Prove that |a;| < M (k=0,1,...,n+1).

. (CZS 3)™O! In a convex quadrangle with area 32 cm?, the sum of the lengths of

two nonadjacent edges and of the length of one diagonal is equal to 16 cm.
(a) What is the length of the other diagonal?
(b) What are the lengths of the edges of the quadrangle if the perimeter is a
minimum?
(c) Is it possible to choose the edges in such a way that the perimeter is a
maximum?

. (UNK 1a)™9® For all positive integral n, 1 = u, (u>_; —2) —uy, up = 2, and

u; =5/2. Prove that 3log, [u,] = 2" — (—1)", where [x] is the integral part of x.
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(NLD 3)™95 Let a set of p equations be given,
ayxy+ - +aygxg =0,
az Xy + -+ +axxg =0,
ap1X1 + - +apgxg =0,

with coefficients g;; satisfying a;; = —1, 0, or +1 foralli=1,...,p and j =
1,...,q. Prove that if g = 2p, there exists a solution xi,...,x, of this system
such that all x; (j = 1,...,q) are integers satisfying |x;| < ¢ and x; # O for at
least one value of j.

. (NLD 4)™93 A rectangular box can be filled completely with unit cubes. If one

places the maximal number of cubes with volume 2 in the box such that their
edges are parallel to the edges of the box, one can fill exactly 40% of the box.
Determine all possible (interior) sizes of the box.

. (POL 1b) Let 7 = (0, 1] be the unit interval of the real line. For a given number

a € (0,1) we define amap T : I — I by the formula

_Jx+(1—-a) ifO0O<x<a,
T(x’y)_{xa ifa<x<l.

Show that for every interval J C I there exists an integer n > 0 such that 7" (J) N
J#0.

. (SWE 3) Let P be a polynomial with real coefficients such that P(x) > 0 if

x > 0. Prove that there exist polynomials Q and R with nonnegative coefficients

such that P(x) = G4 if x> 0,

. (FIN2)MO2 L et Py (x) = x> — 2, Pj(x) = P{(Pj_1 (x)), j =2,3,.... Show that for

arbitrary n the roots of the equation P,(x) = x are real and different from one
another.

(USA 6)™°* Find the largest number obtainable as the product of positive inte-
gers whose sum is 1976.

(VNM 1) Prove that there exist infinitely many positive integers n such that the
decimal representation of 5" contains a block of 1976 consecutive zeros.

(VNM 2) The polynomial 1976(x + x> 4 --- +x") is decomposed into a sum
of polynomials of the form a;x+ arxx® + ... +apyx", where ay,as, - -+ ,ay are dis-
tinct positive integers not greater than n. Find all values of n for which such a
decomposition is possible.
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3.19 The Nineteenth IMO
Belgrade—-Arandjelovac, Yugoslavia, July 1-13, 1977

3.19.1 Contest Problems
First Day (July 6)

1. Equilateral triangles ABK, BCL, CDM, DAN are constructed inside the square
ABCD. Prove that the midpoints of the four segments KL, LM, MN, NK and
the midpoints of the eight segments AK, BK, BL, CL, CM, DM, DN, AN are the
twelve vertices of a regular dodecagon.

2. In a finite sequence of real numbers the sum of any seven successive terms is
negative, and the sum of any eleven successive terms is positive. Determine the
maximum number of terms in the sequence.

3. Let n be a given integer greater than 2, and let V,, be the set of integers 1 + kn,
where k = 1,2,.... A number m €V}, is called indecomposable in V,, if there do
not exist numbers p,q € V, such that pg = m. Prove that there exists a number
r € V, that can be expressed as the product of elements indecomposable in V,, in
more than one way. (Expressions that differ only in order of the elements of V,,
will be considered the same.)

Second Day (July 7)

4. Leta,b,A,B be given constant real numbers and
f(x) =1 —acosx—bsinx— Acos2x — Bsin2x.
Prove that if f(x) > 0 for all real x, then
A+b*<2 and AT+B<I1.

5. Let a and b be natural numbers and let ¢ and r be the quotient and remainder
respectively when a® + b2 is divided by a + b. Determine the numbers a and b if
> +r=1977.

6. Let f: N — N be a function that satisfies the inequality f(n+ 1) > f(f(n)) for
all n € N. Prove that f(n) = n for all natural numbers 7.

3.19.2 Longlisted Problems

1. (BGR 1) A pentagon ABCDE inscribed in a circle for which BC < CD and
AB < DE is the base of a pyramid with vertex S. If AS is the longest edge starting
from S, prove that BS > CS.

2. (BGR 2) (SL77-1).
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. (BGR 3) In a company of n persons, each person has no more than d acquain-

tances, and in that company there exists a group of k persons, k > d, who are
not acquainted with each other. Prove that the number of acquainted pairs is not
greater than [n?/4].

. (BGR 4) We are given n points in space. Some pairs of these points are con-

nected by line segments so that the number of segments equals [n%/4], and a
connected triangle exists. Prove that any point from which the maximal number
of segments starts is a vertex of a connected triangle.

. (CZS 1) (SL77-2).
. (CZS 2) Let x1,x2,...,x, (n>1) be real numbers such that 0 <x; <, j =

1,2,...,n. Prove thatif ¥/}_;(cosx;+ 1) is an odd integer, then X_; sinx; > 1.

. (CZS 3) Prove the following assertion: If ¢y, ¢y, ...,c, (n > 2) are real numbers

such that
(n=1)(ci G+ +e) = (ertertten),

then either all these numbers are nonnegative or all these numbers are nonposi-
tive.

. (CZS 4) A hexahedron ABCDE is made of two regular congruent tetrahedra

ABCD and ABCE. Prove that there exists only one isometry 2 that maps points
A,B,C,D, E onto B, C, A, E, D, respectively. Find all points X on the surface of
hexahedron whose distance from 2°(X) is minimal.

. (CZS 5) Let ABCD be a regular tetrahedron and 2 an isometry mapping A, B,

C, D into B, C, D, A, respectively. Find the set . of all points X of the face
ABC whose distance from 2(X) is equal to a given number ¢. Find necessary
and sufficient conditions for the set .# to be nonempty.

(FRG 1) (SL77-3).

(FRG 2) Letn and z be integers greater than 1 and (n,z) = 1. Prove:
(a) At least one of the numbers z; = 1 +z+z2+---4+2,i=0,1,....,n—1,is
divisible by n.
(b) If (z— 1,n) = 1, then at least one of the numbers z;, i =0,1,...,n—2, is
divisible by n.
(FRG 3) Let z be an integer > 1 and let M be the set of all numbers of the form

w=14z+-+7 k= 0,1,... . Determine the set 7 of divisors of at least one
of the numbers z; from M.

(FRG 4) (SL77-4).
(FRG 5) (SL77-5).

(GDR 1) Let n be an integer greater than 1. In the Cartesian coordinate system
we consider all squares with integer vertices (x,y) such that 1 <x,y < n. Denote
by pi (k=0,1,2,...) the number of pairs of points that are vertices of exactly k
such squares. Prove that > (k— 1)py = 0.
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(GDR 2) (SL77-6).

(GDR 3) A ball K of radius r is touched from the outside by mutually equal
balls of radius R. Two of these balls are tangent to each other. Moreover, for two
balls K} and K, tangent to K and tangent to each other there exist two other balls
tangent to K, K> and also to K. How many balls are tangent to K? For a given r
determine R.

(GDR 4) Given an isosceles triangle ABC with a right angle at C, construct the
center M and radius r of a circle cutting on segments AB, BC, CA the segments
DE, FG, and HK, respectively, such that /ZDME + /FMG + ZHMK = 180°
and DE : FG: HK =AB: BC: CA.

(UNK 1) Given any integer m > 1 prove that there exist infinitely many positive
integers n such that the last m digits of 5" are a sequence a,,ap—1,...,a; =5
(0 < aj < 10) in which each digit except the last is of opposite parity to its
successor (i.e., if g; is even, then a;_ is odd, and if a; is odd, then a;_ is even).

(UNK 2) (SL77-7).

(UNK 3) Given that x| +x2 +x3 = y| +y2 +y3 = x1y1 + x2y2 + x3y3 = 0, prove

that

xi o2

Mg+ i+ 3

(UNK 4) (SL77-8).
(HUN 1) (SL77-9).
(HUN 2) Determine all real functions f(x) that are defined and continuous on
the interval (—1, 1) and that satisfy the functional equation
x)+f
fty) - L0 F0)
1=f(x) /()

(HUN 3) Prove the identity

(x,y,x+ye(—1,1)).

@ =240 (") (a— kb 4 k)t
(c+a)y =2+ k;(k)( J 1 2+ kD)

(NLD 1) Let p be a prime number greater than 5. Let V be the collection of
all positive integers n that can be written in the formn =kp+1orn=kp—1
(k=1,2,...). Anumber n €V is called indecomposable in V if it is impossible
to find k,/ € V such that n = kl. Prove that there exists a number N € V that can
be factorized into indecomposable factors in V in more than one way.

(NLD 2) (SL77-10).
(NLD 3) (SL77-11).
(NLD 4) (SL77-12).
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(NLD 5) A triangle ABC with ZA = 30° and ZC = 54° is given. On BC a
point D is chosen such that ZCAD = 12°. On AB a point E is chosen such that
ZACE = 6°. Let S be the point of intersection of AD and CE. Prove that BS = BC.

(POL 1) Let f be a function defined on the set of pairs of nonzero rational
numbers whose values are positive real numbers. Suppose that f satisfies the
following conditions:

(1) flab,c) = f(a,c)f(b,c), f(c,ab) = f(c,a)f(c,b);

2) fla,1—a)=1.
Prove that f(a,a) = f(a,—a) =1, f(a,b)f(b,a) = 1.

(POL 2) In a room there are nine men. Among every three of them there are
two mutually acquainted. Prove that some four of them are mutually acquainted.

(POL 3) A circle K centered at (0,0) is given. Prove that for every vector
(ay,ay) there is a positive integer n such that the circle K translated by the vec-
tor n(a;,a,) contains a lattice point (i.e., a point both of whose coordinates are
integers).

(POL 4) (SL77-13).

(ROU 1) Find all numbers N =aja;...a, for which9 xaja;...a, =a,...axa;
such that at most one of the digits ay,as, ... ,a, is zero.

(ROU 2) Consider a sequence of numbers (aj,ay, . ..,a ). Define the operation
S((ar,aa,...,a;)) = (a1az,a2a3, . .. ,a; _1aon,ayxar).

Prove that whatever the sequence (ay,as,...,ao) is, with a; € {—1,1} for i =
1,2,...,2", after finitely many applications of the operation we get the sequence
(L,1,...,1).

(ROU 3) Let Aj,Ay,...,A,41 be positive integers such that (A;,A,1) = 1 for

every i = 1,2,...,n. Show that the equation

Al | A _ Ang
XA g =00

has an infinite set of solutions (x1,x2,...,X,+1) in positive integers.

(ROU4) Letm;>0forj=1,2,...,nanda; <---<a,<b; <---<b, <c; <
--. < ¢, be real numbers. Prove:

2
n n
>3 (2 mj> [Z mj(ajbj+bjci+cjaj)| .

J=1 J=1

n
> mjlaj+bj+c))
=

(ROU 5) Consider 37 distinct points in space, all with integer coordinates. Prove
that we may find among them three distinct points such that their barycenter has
integer coordinates.

(SWE 1) The numbers 1,2,3,...,64 are placed on a chessboard, one number
in each square. Consider all squares on the chessboard of size 2 x 2. Prove that
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there are at least three such squares for which the sum of the 4 numbers contained
exceeds 100.

(SWE 2) A wheel consists of a fixed circular disk and a mobile circular ring.
On the disk the numbers 1,2,3,...,N are marked, and on the ring N integers
ai,ay,...,ay of sum 1 are marked (see
the figure). The ring can be turned
into N different positions in which the
numbers on the disk and on the ring
match each other. Multiply every num-
ber on the ring with the corresponding
number on the disk and form the sum
of N products. In this way a sum is ob-
tained for every position of the ring.
Prove that the N sums are different.

(SWE 3) The sequence a,x, k=1,2,3,...,2", n=0,1,2,..., is defined by the
following recurrence formula:

1
3 3
ay =2, ank =214 Qo1 = Eanfl,k

for k=1,2,3,....2" ' ' n=0,1,2,... .

Prove that the numbers a,, ;. are all different.
(FIN 1) Evaluate
n
S=Y k(k+1)---(k+p),
k=1
where n and p are positive integers.

(FIN 2) Let E be a finite set of points in space such that E is not contained in a
plane and no three points of E are collinear. Show that E contains the vertices of
a tetrahedron 7 = ABCD such that TNE = {A,B,C, D} (including interior points
of T) and such that the projection of A onto the plane BCD is inside a triangle
that is similar to the triangle BCD and whose sides have midpoints B,C, D.

(FIN 2') (SL77-14).

(FIN 3) Let f be astrictly increasing function defined on the set of real numbers.
For x real and 7 positive, set

fo+1) - fx)

S0 = Ty fe 1)

Assume that the inequalities
27 <g(xr) <2

hold for all positive ¢ if x = 0, and for all t < |x| otherwise.
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Show that
1471 < g(x,1) < 14

for all real x and positive 7.

(USS 1) A square ABCD is given. A line passing through A intersects CD at Q.
Draw a line parallel to AQ that intersects the boundary of the square at points M
and N such that the area of the quadrilateral AMNQ is maximal.

(USS 2) The intersection of a plane with a regular tetrahedron with edge « is a
quadrilateral with perimeter P. Prove that 2a < P < 3a.

(USS 3) Find all pairs of integers (p,q) for which all roots of the trinomials
x? + px+ g and x> 4 gx + p are integers.

(USS 4) Determine all positive integers n for which there exists a polynomial
P,(x) of degree n with integer coefficients that is equal to n at n different integer
points and that equals zero at zero.

(USS 5) Several segments, which we shall call white, are given, and the sum of
their lengths is 1. Several other segments, which we shall call black, are given,
and the sum of their lengths is 1. Prove that every such system of segments can
be distributed on the segment thatis 1.51 long in the following way: Segments of
the same color are disjoint, and segments of different colors are either disjoint or
one is inside the other. Prove that there exists a system that cannot be distributed
in that way on the segment that is 1.49 long.

(USA 1) Two perpendicular chords are drawn through a given interior point P
of a circle with radius R. Determine, with proof, the maximum and the minimum
of the sum of the lengths of these two chords if the distance from P to the center
of the circle is kR.

(USA 2) Find all pairs of integers a and b for which
Ta+ 14b=5a* + 5ab + 5b°.
(USA 3) If 0 <a <b < c<d,prove that
abbeeld® > bcPdca’.
(USA 4) Through a point O on the diagonal BD of a parallelogram ABCD,
segments MN parallel to AB, and PQ parallel to AD, are drawn, with M on AD,

and Q on AB. Prove that diagonals AO, BP, DN (extended if necessary) will be
concurrent.

(USA 5) The four circumcircles of the four faces of a tetrahedron have equal
radii. Prove that the four faces of the tetrahedron are congruent triangles.

(VNM 1) (SL77-15).
(VNM 2) Prove that for every triangle the following inequality holds:

ab+bc+ca T
———— >cot—,
4S8 6
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where a, b, ¢ are lengths of the sides and § is the area of the triangle.
(VNM 3) (SL77-16).

(VNM 4) Suppose xg,x1,...,x, are integers and xo > x| > --- > x,. Prove that
at least one of the numbers |F (xo)|, |F (x1)|,|F (x2)], .., |F (x,)], where

Fx)=x"+ax" ' +-4a, acR, i=1,...,n,

is greater than 5‘—,;

3.19.3 Shortlisted Problems

1.

(BGR 2)™M9% Let f: N — N be a function that satisfies the inequality f(n+1) >
f(f(n)) forall n € N. Prove that f(n) = n for all natural numbers n.

. (CZS 1) A lattice point in the plane is a point both of whose coordinates are

integers. Each lattice point has four neighboring points: upper, lower, left, and
right. Let k be a circle with radius r > 2, that does not pass through any lattice
point. An interior boundary point is a lattice point lying inside the circle k that
has a neighboring point lying outside k. Similarly, an exterior boundary point is
a lattice point lying outside the circle k that has a neighboring point lying inside
k. Prove that there are four more exterior boundary points than interior boundary
points.

. (FRG 1) Let a and b be natural numbers and let ¢ and r be the quotient and

remainder respectively when a” + b? is divided by a + b. Determine the numbers
aand b if ¢> +r=1977.

. (FRG 4) Describe all closed bounded figures @ in the plane any two points of

which are connectable by a semicircle lying in @.

. (FRG 5) There are 2" words of length n over the alphabet {0, 1}. Prove that the

following algorithm generates the sequence wg,wy,...,wpn_1 of all these words
such that any two consecutive words differ in exactly one digit.
(1) wo=00...0 (n zeros).
(2) Suppose wy,—1 = ajaz...a,, a; € {0,1}. Let e(m) be the exponent of 2 in
the representation of n as a product of primes, and let j = 1 4 e(m). Replace
the digit a; in the word w,,_1 by 1 —a;. The obtained word is w,.

. (GDR 2) Let n be a positive integer. How many integer solutions (i, j,k,/),

1 <4, j,k,I <n,does the following system of inequalities have:

1< —j+k+1<n
1< i—k+1<n
1< i—j+i<n
1< i+j—k<n?

. (UNK 2)™M%4 Let q,b, A, B be given constant real numbers and
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11.

12.
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3 Problems
f(x) =1—acosx—bsinx— Acos2x — Bsin2x.
Prove that if f(x) > 0 for all real x, then

a*+b*<2 and A*+B2<1.

. (UNK 4) Let S be a convex quadrilateral ABCD and O a point inside it. The

feet of the perpendiculars from O to AB, BC, CD, DA are A, B;, Cy, D, respec-
tively. The feet of the perpendiculars from O to the sides of S;, the quadrilateral
A;BiC;Dj, are A;+1Bi+1Ci11Djy1, where i = 1,2,3. Prove that Sy is similar to S.

. (HUN 1) For which positive integers n do there exist two polynomials f and

g with integer coefficients of n variables xy,xy,...,x, such that the following
equality is satisfied:

i=1

n
<2xi> f(xlax27---7xn) = g(x%vx%a s 7xr21)?

(NLD 2)™93 Let n be an integer greater than 2. Define V = {1 +kn | k =
1,2,...}. A number p € V is called indecomposable in V if it is not possible
to find numbers ¢q;,g> € V such that g;g, = p. Prove that there exists a number
N €V that can be factorized into indecomposable factors in V in more than one
way.

(NLD 3) Letn be an integer greater than 1. Define

Xi+Yyi n
xi=n, y1=1, xip1= | Y= 1
i+

] fori=1,2,...,

where [z] denotes the largest integer less than or equal to z. Prove that

min{x;,x2,...x,} = [v/n].

(NLD 4)™O! On the sides of a square ABCD one constructs inwardly equilateral
triangles ABK, BCL, CDM, DAN. Prove that the midpoints of the four segments
KL, LM, MN, NK, together with the midpoints of the eight segments AK, BK,
BL,CL, CM, DM, DN, AN, are the 12 vertices of a regular dodecagon.

(POL 4) Let B be a set of k sequences each having n terms equal to 1 or —1.
The product of two such sequences (ay,az, . ..,a,) and (b, by, ... ,b,) is defined
as (a1by,azby, ... ,a,by). Prove that there exists a sequence (cy,¢z,...,¢,) such
that the intersection of B and the set containing all sequences from B multiplied
by (c1,¢2,...,c,) contains at most k% /2" sequences.

(FIN 2°) Let E be a finite set of points such that E is not contained in a plane
and no three points of E are collinear. Show that at least one of the following
alternatives holds:
(i) E contains five points that are vertices of a convex pyramid having no other
points in common with E;
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16.
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(i) some plane contains exactly three points from E.

(VNM 1)™MO2 The length of a finite sequence is defined as the number of terms
of this sequence. Determine the maximal possible length of a finite sequence
that satisfies the following condition: The sum of each seven successive terms is
negative, and the sum of each eleven successive terms is positive.

(VNM 3) Let E be a set of n points in the plane (n > 3) whose coordinates
are integers such that any three points from E are vertices of a nondegenerate
triangle whose centroid doesn’t have both coordinates integers. Determine the
maximal n.
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3.20 The Twentieth IMO
Bucharest, Romania, 1978

3.20.1 Contest Problems

First Day (July 6)

1. Let n > m > 1 be natural numbers such that the groups of the last three digits
in the decimal representation of 1978",1978" coincide. Find the ordered pair
(m,n) of such m,n for which m + n is minimal.

2. Given any point P in the interior of a sphere with radius R, three mutually per-
pendicular segments PA, PB, PC are drawn terminating on the sphere and hav-
ing one common vertex in P. Consider the rectangular parallelepiped of which
PA,PB, PC are coterminal edges. Find the locus of the point Q that is diagonally
opposite P in the parallelepiped when P and the sphere are fixed.

3. Let {f(n)} be a strictly increasing sequence of positive integers: 0 < (1) <
f(2) < f(3) < .... Of the positive integers not belonging to the sequence, the
nth in order of magnitude is f(f(n)) + 1. Determine f(240).

Second day (July 7)

4. In atriangle ABC we have AB = AC. A circle is tangent internally to the circum-
circle of ABC and also to the sides AB,AC, at P,Q respectively. Prove that the
midpoint of PQ is the center of the incircle of ABC.

5. Letg:{1,2,3,...} —{1,2,3,...} be injective. Prove that for all n,
n n

ok
1

6. An international society has its members in 6 different countries. The list of
members contains 1978 names, numbered 1,2, ...,1978. Prove that there is at
least one member whose number is the sum of the numbers of two, not neces-
sarily distinct, of his compatriots.

»|~

3.20.2 Longlisted Problems

1. (BGR1) (SL78-1).
2. (BGR2) If

F) = (422 + -+ 10" = ar@ 4 az £ -+ aon®,

prove that
5n>+5n+2

n
an+1+an+2+"'+a2n:< ) ) 12
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. (BGR 3) Find all numbers ¢ for which the equation

X — 2] +x—a=0

has two nonnegative roots. ([x] denotes the largest integer less than or equal to
X.)

. (BGR 4) (SL78-2).

5. (CUB1) Prove that for any triangle ABC there exists a point P in the plane of the

11.

12.

13.

14.

triangle and three points A’, B, and C’ on the lines BC, AC, and AB respectively
such that
AB-PC' = AC-PB' = BC-PA' = 0.3M?,

where M = max{AB,AC,BC}.

. (CUB 2) Prove that for all X > 1 there exists a triangle whose sides have lengths

PiX)=X*4+X342X2+ X +1,P(X) =2X>+X?+2X +1,and P3(X) = X* —
1. Prove that all these triangles have the same greatest angle and calculate it.

. (CUB 3) (SL78-3).
. (CZS 1) For two given triangles AjA»A3 and B|B,B3 with areas A4 and A,

respectively, A;Ay > BBy, i,k =1,2,3. Prove that Ay > Ap if the triangle AjA»A3
is not obtuse-angled.

. (CZS 2) (SL78-4).
10.

(CZS 3) Show that for any natural number 7 there exist two prime numbers p
and g, p # g, such that n divides their difference.

(CZS 4) Find all natural numbers n < 1978 with the following property:
If m is a natural number, | < m < n, and (m,n) =1 (i.e., m and n are
relatively prime), then m is a prime number.

(FIN 1) The equation x* 4+ ax? 4 bx + ¢ = 0 has three (not necessarily distinct)
real roots 7,u,v. For which a,b,c do the numbers #3,4°,1° satisfy the equation
B+aP +b3x+3 =07

(FIN 2) The satellites A and B circle the Earth in the equatorial plane at altitude
h. They are separated by distance 2r, where r is the radius of the Earth. For which
h can they be seen in mutually perpendicular directions from some point on the
equator?

(FIN 3) Let p(x,y) and g(x,y) be polynomials in two variables such that for
x >0, y > 0 the following conditions hold:

(1) p(x,y) and ¢(x,y) are increasing functions of x for every fixed y.

(ii) p(x,y)is anincreasing and g(x) is a decreasing function of y for every fixed

X.

(iii) p(x,0) = g(x,0) for every x and p(0,0) = 0.
Show that the simultaneous equations p(x,y) = a, g(x,y) = b have a unique
solution in the set x > 0, y > 0 for all @, b satisfying 0 < b < a but lack a solution
in the same set if a < b.
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15.

16.
17.
18.

19.
20.

21.

22.

23.
24.
25.

26.
27.

28.

3 Problems

(FRA 1) Prove that for every positive integer n coprime to 10 there exists a
multiple of n that does not contain the digit 1 in its decimal representation.

(FRA 2) (SL78-6).
(FRA 3) (SL78-17).

(FRA 4) Given a natural number n, prove that the number M (n) of points with
integer coordinates inside the circle (0(0,0),v/n) satisfies

an—5yVn+1<Mn)<an+dyn+1.

(FRA 5) (SL78-7).

(UNK 1) Let O be the center of a circle. Let OU, OV be perpendicular radii of
the circle. The chord PQ passes through the midpoint M of UV. Let W be a point
such that PM = PW, where U,V,M,W are collinear. Let R be a point such that
PR = MQ, where R lies on the line PW. Prove that MR =UV.

Alternative version: A circle S is given with center O and radius r. Let M be a
point whose distance from O is ﬁ Let PMQ be a chord of S. The point N is

defined by PN = M_Q) Let R be the reflection of N by the line through P that is
parallel to OM. Prove that MR = /2r.

(UNK 2) A circle touches the sides AB,BC,CD,DA of a square at points
K,L,M,N respectively, and BU,KV are parallel lines such that U is on DM and
V on DN. Prove that UV touches the circle.

(UNK 3) Two nonzero integers x,y (not necessarily positive) are such that x+y

243 i¢ a divisor of 1978. Prove th
- is a divisor o . Prove that

is a divisor of x> +y?, and the quotient
x=y.

(UNK 4) (SL78-8).

(UNK 5) (SL78-9).

(GDR 1) Consider a polynomial P(x) = ax? +bx+ ¢ with a > 0 that has two real
roots x1,x;. Prove that the absolute values of both roots are less than or equal to
lifandonlyifa+b+c>0,a—b+c>0,anda—c > 0.

(GDR 2) (SL78-5).

(GDR 3) Determine the sixth number after the decimal point in the number
(VI978+ [V1978])™.

(GDR 4) Let c,s be real functions defined on R\ {0} that are nonconstant on
any interval and satisfy

c (g) =c(x)c(y) —s(x)s(y) foranyx#0,y#0.

Prove that:
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(a) ¢(1/x) = c(x), s(1/x) = —s(x) for any x # 0, and also ¢(1) =1, s(1) =
s(—1)=0;
(b) ¢ and s are either both even or both odd functions (a function f is even if
F(x) = f(—x) for all x, and odd if f(x) = — f(—x) for all x).
Find functions c,s that also satisfy c(x) + s(x) = x" for all x, where n is a given
positive integer.

(GDR 5) (Variant of GDR 4) Given a nonconstant function f : Rt — R such
that f(xy) = f(x)f(y) for any x,y > 0, find functions c¢,s : Rt — R that satisfy
c(x/y) = c(x)c(y) —s(x)s(y) for all x,y > 0 and c(x) + s(x) = f(x) for all x > 0.

(NLD 1) (SL78-10).
(NLD 2) Let the polynomials

P(x) =x"+a, 1x" '+ +aix+ao,
Q(x) = X" + by X" 4+ 4 bix+ by,

be given satisfying the identity P(x)?> = (x*> — 1)Q(x)? + 1. Prove the identity
P'(x) = nQ(x).

(NLD 3) Let % be the circumcircle of the square with vertices (0,0), (0,1978),
(1978,0), (1978,1978) in the Cartesian plane. Prove that € contains no other
point for which both coordinates are integers.

(SWE 1) A sequence (a,); of real numbers is called convex if 2a, < a,—1+an+1
for all positive integers n. Let (b,)y be a sequence of positive numbers and
assume that the sequence (o'b,) is convex for any choice of o > 0. Prove that
the sequence (logb,)g is convex.

(SWE 2) (SL78-11).

(SWE 3) A sequence (an)lov of real numbers is called concave if 2a,, > a,_1 +
ap+ forall integersn, | <n <N —1.
(a) Prove that there exists a constant C > 0 such that

N 2 N
(Z%) >C(N-1)Y a; (1)
n=0

n=0

for all concave positive sequences ()5 .
(b) Prove that (1) holds with C = 3/4 and that this constant is best possible.

(TUR 1) The integers 1 through 1000 are located on the circumference of a
circle in natural order. Starting with 1, every fifteenth number (i.e., 1,16,31,...)
is marked. The marking is continued until an already marked number is reached.
How many of the numbers will be left unmarked?

(TUR 2) Simplify
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38.

39.

40.

41.
42.

43.

44.
45.

46.
47.

48.
49.

3 Problems

1 1 1
log, (abc) + log, (abc) + log,.(abc)’

where a,b, c are positive real numbers.

(TUR 3) Given a circle, construct a chord that is trisected by two given non-
collinear radii.

(TUR 4) A is a 2m-digit positive integer each of whose digits is 1. B is an m-
digit positive integer each of whose digits is 4. Prove that A+ B+ 1 is a perfect
square.

(TURS) IfC) = ("—‘) (p > 1), prove the identity

1 1 —1
Ch=Cl+C0 4O+

and then evaluate the sum
§=1-2-3+2-3-4+---4+97-98-99.

(USA 1) (SL78-12).

(USA 2) A,B,C,D,E are points on a circle O with radius equal to r. Chords
AB and DE are parallel to each other and have length equal to x. Diagonals
AC,AD,BE,CE are drawn. If segment XY on O meets AC at X and EC at Y,
prove that lines BX and DY meet at Z on the circle.

(USA 3) If p is a prime greater than 3, show that at least one of the numbers

2
p2 O S e 7 is expressible in the form 1 + , where x and y are positive inte-

p
gers.

(USA 4) In AABC with ZC = 60, prove that £ + § > 2.
(USA 5) If r>s>0and a > b > c, prove that
ab'+bcf+c"a’ > a’b+bc"+cfa.
(USA 6) (SL78-13).
(VNM 1) Given the expression
P = g5 (o VEET) (o= V)],
prove:

(a) P,(x) satisfies the identity P,(x) —xP,_(x) + %Pn,z(x) =0.
(b) P,(x) is a polynomial in x of degree n.

(VNM 2) (SL78-14).

(VNM 3) Let A,B,C,D be four arbitrary distinct points in space.
(a) Prove that using the segments AB+ CD, AC+ BD and AD + BC it is always
possible to construct a triangle 7 that is nondegenerate and has no obtuse
angle.
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(b) What should these four points satisfy in order for the triangle 7" to be right-
angled?
(VNM 4) A variable tetrahedron ABCD has the following properties: Its edge
lengths can change as well as its vertices, but the opposite edges remain equal
(BC =DA,CA = DB, AB = DC); and the vertices A, B, C lie respectively on three
fixed spheres with the same center P and radii 3,4,12. What is the maximal
length of PD?

(VNM 5) Find the relations among the angles of the triangle ABC whose altitude
AH and median AM satisfy /BAH = ZCAM.

(YUG 1) (SL78-15).
(YUG 2) (SL78-16).

(YUG 3) Let p, g and r be three lines in space such that there is no plane that
is parallel to all three of them. Prove that there exist three planes o, 8, and ¥,
containing p, ¢, and r respectively, that are perpendicular to each other (o L 3,

BLv.yLlo.

3.20.3 Shortlisted Problems

1.

(BGR 1) The set M = {1,2,...,2n} is partitioned into k nonintersecting sub-
sets My, Ma,..., My, where n > k> + k. Prove that there exist even numbers
2j1,2J2,-++52jikt1 in M that are in one and the same subset M; (1 <i < k) such
that the numbers 2j; — 1,2, — 1,...,2jz+; — 1 are also in one and the same
subset M; (1 < j <k).

. (BGR 4) Two identically oriented equilateral triangles, ABC with center S and

A'B'C, are given in the plane. We also have A’ # S and B’ # S. If M is the mid-
point of A’B and N the midpoint of AB’, prove that the triangles SB’M and SA’'N
are similar.

. (CUB 3)MO! Let n > m > 1 be natural numbers such that the groups of the

last three digits in the decimal representation of 1978™,1978" coincide. Find the
ordered pair (m,n) of such m,n for which m + n is minimal.

. (CZS 2) Let T; be a triangle having a, b, c as lengths of its sides and let 75 be

another triangle having u,v,w as lengths of its sides. If P,Q are the areas of the
two triangles, prove that

16PQ < a®(—u? +V +w?) + b* (> — v +w?) + 2 +v* —w?).

When does equality hold?

. (GDR 2) For every integer d > 1, let M, be the set of all positive integers that

cannot be written as a sum of an arithmetic progression with difference d, having
at least two terms and consisting of positive integers. Let A = M, B= M, \ {2},
C = M3. Prove that every ¢ € C may be written in a unique way as ¢ = ab with
acAbeEB.
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6.

10.

11.

12.

13.

14.

15.

3 Problems

(FRA 2)™M5 Let ¢ : {1,2,3,...} — {1,2,3,...} be injective. Prove that for all

n,
1(p n
Z‘k— Py

»|~

. (FRA 5) We consider three distinct half-lines Ox, Oy, Oz in a plane. Prove the

existence and uniqueness of three points A € Ox, B € Oy, C € Oz such that the
perimeters of the triangles OAB, OBC, OCA are all equal to a given number 2p >
0.

(UNK 4) Let S be the set of all the odd positive integers that are not multiples
of 5 and that are less than 30m, m being an arbitrary positive integer. What is the
smallest integer k such that in any subset of k integers from S there must be two
different integers, one of which divides the other?

. (UNK 5)™O3 Let {f(n)} be a strictly increasing sequence of positive integers:

0 < f(1) < f(2) < f(3) < ---. Of the positive integers not belonging to the
sequence, the nth in order of magnitude is f(f(n)) + 1. Determine f(240).

(NLD 1)M%¢ Ap international society has its members in 6 different countries.
The list of members contains 1978 names, numbered 1,2,..., 1978. Prove that
there is at least one member whose number is the sum of the numbers of two,
not necessarily distinct, of his compatriots.

(SWE 2) A function f: I — R, defined on an interval I, is called concave if
f(6x+(1—=0)y) > 0f(x)+ (1 —06)f(y) forall x,y € [ and 0 < 6 < 1. Assume
that the functions f,..., f,, having all nonnegative values, are concave. Prove
that the function (fi f> ... f,)/" is concave.

(USA 1)™%% In a triangle ABC we have AB = AC. A circle is tangent internally
to the circumcircle of ABC and also to the sides AB,AC, at P,Q respectively.
Prove that the midpoint of PQ is the center of the incircle of ABC.

(USA 6)™O2 Given any point P in the interior of a sphere with radius R,
three mutually perpendicular segments PA, PB, PC are drawn terminating on the
sphere and having one common vertex in P. Consider the rectangular paral-
lelepiped of which PA, PB, PC are coterminal edges. Find the locus of the point
Q that is diagonally opposite P in the parallelepiped when P and the sphere are
fixed.

(VNM 2) Prove that it is possible to place 2n(2n+ 1) parallelepipedic (rect-
angular) pieces of soap of dimensions 1 x 2 x (n-+ 1) in a cubic box with edge
2n+11if and only if n is even or n = 1.

Remark. 1t is assumed that the edges of the pieces of soap are parallel to the
edges of the box.

(YUG 1) Let p be a prime and A = {ay,...,a,_1} an arbitrary subset of the set
of natural numbers such that none of its elements is divisible by p. Let us define a
mapping f from Z2(A) (the set of all subsets of A) to the set P={0,1,...,p—1}
in the following way:
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(i) if B={ajy,...,a;} CAand ¥§_, a;; = n (mod p), then f(B) = n,
(ii) f(0) =0, 0 being the empty set.
Prove that for each n € P there exists B C A such that f(B) = n.

(YUG 2) Determine all the triples (a, b, c) of positive real numbers such that the
system

ax+by—cz=0,
aV/1-2+b6\/1-2—c\/1-2 =0,

is compatible in the set of real numbers, and then find all its real solutions.

(FRA 3) Prove that for any positive integers x, y, z with xy — z2 = 1 one can find
nonnegative integers a, b, ¢,d such that x = a> + b*, y = > +d?, z = ac + bd.
Set z = (2¢)! to deduce that for any prime number p = 4¢ + 1, p can be repre-
sented as the sum of squares of two integers.
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3.21 The Twenty-First IMO
London, United Kingdom, 1979

3.21.1 Contest Problems

First Day (July 2)

1. Let p and g be natural numbers such that

e H _ —

Loron Lo
23 4 1318 ' 1319 ¢

Prove that p is divisible by 1979.

2. A pentagonal prism AjA;...A5B1B,...Bs is given. The edges, the diagonals of
the lateral walls, and the internal diagonals of the prism are each colored either
red or green in such a way that no triangle whose vertices are vertices of the
prism has its three edges of the same color. Prove that all edges of the bases are
of the same color.

3. Two circles in a plane intersect. Let A be one of the points of intersection. Start-
ing simultaneously from A two points move with constant speeds, each point
traveling along its own circle in the same sense. The two points return simulta-
neously after one revolution. Prove that there is a fixed point P in the plane such
that, at any time, the distances from P to the moving points are equal.

Second Day (July 3)

4. Given a point P in a given plane 7 and a point Q not in 7, determine all points R

in 7t such that % 1S a maximum.

5. The nonnegative real numbers x;,x,,x3,x4,X5,a satisfy the following relations:

5 5 5
zixi:a, 2i3xi:a2, zisxi:a3.
i=1 i=1 i=1

What are the possible values of a?

6. Let S and F be opposite vertices of a regular octagon. A frog starts jumping at
vertex S. From any vertex of the octagon except F, it may jump to either of the
two adjacent vertices. When it reaches vertex F, the frog stops and stays there.
Let a,, be the number of distinct paths of exactly n jumps ending at F'. Prove that
forn=1,2,3,...,

am-1=0, ay,= 1) wherex=2+4+2,y=2—2.
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3.21.2 Longlisted Problems

10.
11.

. (BEL 1) (SL79-1).

(BEL 2) For a finite set E of cardinality n > 3, let f(n) denote the maximum
number of 3-element subsets of E, any two of them having exactly one common
element. Calculate f(n).

. (BEL 3) Is it possible to partition 3-dimensional Euclidean space into 1979

mutually isometric subsets?

(BEL 4) (SL79-2).

. (BEL 5) Describe which natural numbers do not belong to the set

E={n++vn+1/2]|neN}.

. (BEL 6) Prove that %\/ 4$in?36° — 1 = cos72°.

. BRA1) M= (a;;),i,j=1,2,3,4,is a square matrix of order four. Given that:

(i) foreachi=1,2,3,4 and foreach k =5,6,7,

ajk = Ajk—4;
P=aitaxi1+asio+agis;
Si =a4;+azi1+axi2+a s
Li = aiy +aip+aiz+aig;
Ci=a;taytas;i+ag;
(11) for each i,j = 1,2,3,4, Pl = Pj, Si = Sj, L,’ = Lj, Cl‘ = Cj, and

(iii) a11 =0,a12="T7,a1 =11,a,3 =2,and a3 3 = 15;
find the matrix M.

. (BRA 2) The sequence (a,) of real numbers is defined as follows:

ag=1, a=2 and a,=3a,-1—ay—2, n>3.

2
G1
ap—2

Prove that forn > 3, a, = [ ] + 1, where [x] denotes the integer p such that

p<x<p+1

. (BRA 3) The real numbers a;, 0, 03, ..., 0, are positive. Let us denote by h =

n 1 P e 1
o ar—FT/a, the harmonic mean, g = /oy 0 - - - oy, the geometric mean,
= w the arithmetic mean. Prove that 7 < g < a, and that each of the
equalities implies the other one.

(BGR 1) (SL79-3).

(BGR 2) Prove that a pyramid AA;...A. 1S with equal lateral edges and
equal space angles between adjacent lateral walls is regular.

Variant. Prove that a pyramid A;...Ax1S with equal space angles between
adjacent lateral walls is regular if there exists a sphere tangent to all its edges.
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12.
13.

14.

15.
16.

17.
18.

19.

20.
21.

22.

3 Problems

(BGR 3) (SL79-4).

(BGR 4) The plane is divided into equal squares by parallel lines; i.e., a square
net is given. Let M be an arbitrary set of n squares of this net. Prove that it is
possible to choose no fewer than /4 squares of M in such a way that no two of
them have a common point.

(CZS 1) Let S be a set of n? + 1 closed intervals (n is a positive integer). Prove
that at least one of the following assertions holds:
(i) There exists a subset S’ of n+ 1 intervals from S such that the intersection
of the intervals in §’ is nonempty.
(ii) There exists a subset S” of n+ 1 intervals from S such that any two of the
intervals in §” are disjoint.

(CZS 2) (SL79-5).

(CZS 3) Let Q be a square with side length 6. Find the smallest integer n such
that in Q there exists a set S of n points with the property that any square with
side 1 completely contained in Q contains in its interior at least one point from
S.

(CZS 4) (SL79-6).

(FIN 1) Show that for no integers a > 1, n > 1 is the sum

1+ - ot

l4+a 142a 1+ na
an integer.

(FIN 2) Fork=1,2,... consider the k-tuples (ay,as,...,a;) of positive integers
such that
ay+2ar+---+ka, = 1979.

Show that there are as many such k-tuples with odd k as there are with even k.
(FIN 3) (SL79-10).
(FRA 1) Let E be the set of all bijective mappings from R to R satisfying

(Vt €R) fO+f 1) =2,

where f~! is the mapping inverse to f. Find all elements of E that are monotonic
mappings.

(FRA 2) Consider two quadrilaterals ABCD and A’B'C’D’ in an affine Euclidian
plane such that AB = A'B’, BC = B'C', CD = C'D’, and DA = D'A’. Prove that
the following two statements are true:
(a) If the diagonals BD and AC are mutually perpendicular, then the diagonals
B'D’ and A'C’ are also mutually perpendicular.
(b) If the perpendicular bisector of BD intersects AC at M, and that of B'D’

intersects A'C’ at M’, then A% = Z::g (if MC = 0 then M'C" = 0).
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(FRA 3) Consider the set E consisting of pairs of integers (a,b), with @ > 1 and
b > 1, that satisfy in the decimal system the following properties:
(i) b is written with three digits, as 0,0 0, 0p # 0;
(ii) a is written as 8. .. Bi By for some p;
(i) (a+b)?is written as By ... BiPoonoy .
Find the elements of E.

(FRA 4) Let a and b be coprime integers, greater than or equal to 1. Prove that
all integers n greater than or equal to (a — 1)(b — 1) can be written in the form:

n=ua-+vb, with (u,v) € NxN,

(FRG 1) (SL79-7).

(FRG 2) Let n be a natural number. If 4" +2" + 1 is a prime, prove that n is a
power of three.

(FRG 3) (SL79-8).
(FRG 4) (SL79-9).
(GDR 1) (SL79-11).

(GDR 2) Let M be a set of points in a plane with at least two elements. Prove
that if M has two axes of symmetry g; and g, intersecting at an angle o = g,
where ¢ is irrational, then M must be infinite.

(GDR 3) (SL79-12).
(GDR 4) Let n,k > 1 be natural numbers. Find the number A(n, k) of solutions
in integers of the equation

ber| =+ o] 4+ 4 x| = n.

(HEL 1) (SL79-13).

(HEL 2) Notice that in the fraction % we can perform a simplification as ég =
obtaining a correct equality. Find all fractions whose numerators and denomin
tors are two-digit positive integers for which such a simplification is correct.

1
1
a_

(HEL 3) Given a sequence (a,), with a; = 4 and a,, ;| = a2 —2 (Vn € N), prove
that there is a triangle with side lengths a, — 1,a,,a, + 1, and that its area is
equal to an integer.

(HEL 4) A regular tetrahedron A|B|C|D; is inscribed in a regular tetrahedron
ABCD, where A lies in the plane BCD, B; in the plane ACD, etc. Prove that
ABy > AB/3.

(HEL 5) (SL79-14).

(HUN 1) Prove the following statement: If a polynomial f(x) with real coeffi-
cients takes only nonnegative values, then there exists a positive integer n and
polynomials g (x),g2(x),...,g,(x) such that
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3 Problems
Fx) = g1(x)* + g2 (x)* + - + gulx).

(HUN 2) A desert expedition camps at the border of the desert, and has to pro-
vide one liter of drinking water for another member of the expedition, residing
on the distance of n days of walking from the camp, under the following condi-
tions:

(i) Each member of the expedition can pick up at most 3 liters of water.

(ii)) Each member must drink one liter of water every day spent in the desert.
(iii) All the members must return to the camp.
How much water do they need (at least) in order to do that?

(HUN 3) A polynomial P(x) has degree at most 2k, where k =0, 1, 2,.... Given
that for an integer i, the inequality —k < i < k implies |P(i)| < 1, prove that for
all real numbers x, with —k < x < k, the following inequality holds:

IP(x)] < (2Kk+ 1) (2kk>

(HUN 4) Prove the following statement: There does not exist a pyramid with
square base and congruent lateral faces for which the measures of all edges, total
area, and volume are integers.

(HUN 5) Let a quadratic polynomial g(x) = ax? + bx + ¢ be given and an integer
n > 1. Prove that there exists at most one polynomial f(x) of nth degree such

that f(g(x)) = &(/(x)).

(ISR 1) Let a,b,c denote the lengths of the sides BC,CA,AB, respectively, of a
triangle ABC. If P is any point on the circumference of the circle inscribed in the
triangle, show that aPA? 4 bPB? 4 ¢PC? is constant.

(ISR 2) (SL79-15).

(ISR 3) For any positive integer n we denote by F(n) the number of ways in
which n can be expressed as the sum of three different positive integers, without
regard to order. Thus, since 10=74+2+1=64+3+1=54+4+1=54+3+2,
we have F(10) = 4. Show that F (n) is even if n = 2 or 4 (mod 6), but odd if n is
divisible by 6.

(ISR 4) (SL79-16).
(NLD 1) (SL79-17).

(NLD 2) In the plane a circle C of unit radius is given. For any line / a number
(1) is defined in the following way: If [ and C intersect in two points, s(I) is
their distance; otherwise, s({) = 0.

Let P be a point at distance r from the center of C. One defines M(r) to be the
maximum value of the sum s(m) + s(n), where m and n are variable mutually
orthogonal lines through P. Determine the values of » for which M(r) > 2.

(NLD 3) Let there be given two sequences of integers fi(1), fi(2),... (i=1,2)
satisfying:
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(i) fi(nm) = fi(n)fi(m) if ged(n,m) = 1;
(ii) for every prime P and all k =2,3,4,...,

fi(PY) = fi(P) f(P1) = PP F(P*2).

Moreover, for every prime P:

(iii) fi(P)=2P,

(iv) fo(P) <2P.

Prove that |f>(n)| < fi(n) for all n.

(POL 1) (SL79-18).

(POL 2) Let ABC be an arbitrary triangle and let S;, 55, ...,S7 be circles satis-
fying the following conditions:

S is tangent to CA and AB,

S, is tangent to S;, AB, and BC,

S5 is tangent to S, BC, and CA,

S7 is tangent to S¢, CA and AB.
Prove that the circles S; and S7 coincide.

(POL 3) Let a real number A > 1 be given and a sequence (n;) of positive
integers such that ”’;l—zl > A for k = 1,2,.... Prove that there exists a positive
integer ¢ such that no positive integer n can be represented in more than ¢ ways
in the form n = ng +n; or n = n, — n,.

(POL 4) An infinite increasing sequence of positive integers n; (j =1,2,...)
has the property that for a certain c, % an <ynj <c,forevery N >0

Prove that there exist finitely many sequences my) (i=1,2,...,k) such that

{nl,nz,...}:Ule{m(li>,mg>,...} and

mi > (1<i<k j=12,..).

(ROU 1) (SL79-19).

(ROU 2) Let a,b be coprime integers. Show that the equation ax? + by?> = z°
has an infinite set of solutions (x,y,z) with x,y,z € Z and x,y mutually coprime
(in each solution).

(ROU 3) Show that for every natural number 7, nv/2 — [n\/i] > ﬁ and that
for every € > 0 there exists a natural number n with nv/2 — [nv/2] < ﬁ + €.
(ROU 4) Let M be a set, and A, B,C given subsets of M. Find a necessary and

sufficient condition for the existence of a set X C M for which (XUA)\ (XNB) =
C. Describe all such sets X.

(ROU 5) Prove that there exists a natural number kq such that for every natural
number k > ko we may find a finite number of lines in the plane, not all parallel
to one of them, that divide the plane exactly in k regions. Find k.



130

59.

60.
61.

62.

63.

64.

65.

66.
67.
68.
69.

3 Problems
(SWE 1) Determine the maximum value of x*y>z>w when x,y,z,w > 0 and
2x+xy+z+yzw=1.

(SWE 2) (SL79-20).

(SWE 3) Leta; <ar <---<ayand by < by <--- < b, be two sequences such
that ¥;* | ax > X7 | by for all m < n with equality for m = n. Let f be a convex
function defined on the real numbers. Prove that

(SWE 4) T is a given triangle with vertices Py, P>, P;. Consider an arbitrary sub-
division of T into finitely many subtriangles such that no vertex of a subtriangle
lies strictly between two vertices of another subtriangle. To each vertex V of the
subtriangles there is assigned a number n(V) according to the following rules:
(i) fV="P,thenn(V)=1i.
(ii) If V lies on the side P,P; of T, then n(V) =i or j.
(iii) IfV lies inside the triangle T, then n(V) is any of the numbers 1,2,3.
Prove that there exists at least one subtriangle whose vertices are numbered 1, 2,
and 3.

(USA 1) Ifaj,a,...,a, denote the lengths of the sides of an arbitrary n-gon,

prove that
a a a n
2> —L 42 >
s—a; S—an s—a, n—1

)

where s =aj +ax+---+ay,.

(USA 2) From point P on arc BC of the circumcircle about triangle ABC, PX is
constructed perpendicular to BC, PY is perpendicular to AC, and PZ perpendic-
ular to AB (all extended if necessary). Prove that

BC AC n AB
PX PY PZ’
(USA 3) Given f(x) < x for all real x and

fx+y) <f(x)+f(y) forallrealx,y,

prove that f(x) = x for all x.
(USA 4) (SL79-23).
(USA 5) (SL79-24).
(USA 6) (SL79-25).
(USS 1) (SL79-21).
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(USS 2) There are 1979 equilateral triangles: 71,73, ..., T1979. A side of triangle
T; is equal to 1/k, k = 1,2,...,1979. At what values of a number a can one
place all these triangles into the equilateral triangle with side length a so that
they don’t intersect (points of contact are allowed)?

(USS 3) (SL79-22).

(VNM 1) Let f(x) be a polynomial with integer coefficients. Prove that if f(x)
equals 1979 for four different integer values of x, then f(x) cannot be equal to
2 x 1979 for any integral value of x.

(VNM 2) In a plane a finite number of equal circles are given. These circles are
mutually nonintersecting (they may be externally tangent). Prove that one can
use at most four colors for coloring these circles so that two circles tangent to
each other are of different colors. What is the smallest number of circles that
requires four colors?

(VNM 3) Given an equilateral triangle ABC of side a in a plane, let M be a point
on the circumcircle of the triangle. Prove that the sum s = MA* + MB* + MC*
is independent of the position of the point M on the circle, and determine that
constant value as a function of a.

(VNM 4) Given an equilateral triangle ABC, let M be an arbitrary point in space.
(a) Prove that one can construct a triangle from the segments MA, MB, MC.
(b) Suppose that P and Q are two points symmetric with respect to the cen-

ter O of ABC. Prove that the two triangles constructed from the segments
PA,PB,PC and QA, OB, OC are of equal area.

(VNM 5) Suppose that a triangle whose sides are of integer lengths is inscribed
in a circle of diameter 6.25. Find the sides of the triangle.

(YUG 1) By h(n), where n is an integer greater than 1, let us denote the greatest
prime divisor of the number n. Are there infinitely many numbers n for which
h(n) < h(n+1) < h(n+2) holds?

(YUG 2) By w(n), where nis an integer greater than 1, let us denote the number
of different prime divisors of the number 7. Prove that there exist infinitely many
numbers n for which w(n) < w(n+1) < w(n+2) holds.

(YUG 3) Let S be a unit circle and K a subset of S consisting of several closed
arcs. Let K satisfy the following properties:
(i) K contains three points A, B, C, that are the vertices of an acute-angled tri-
angle;

(ii) for every point A that belongs to K its diametrically opposite point A’ and
all points B on an arc of length 1/9 with center A’ do not belong to K.
Prove that there are three points £, F,G on S that are vertices of an equilateral

triangle and that do not belong to K.

(YUG 4) (SL79-26).
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81. (YUG 5) Let & be the set of rectangular parallelepipeds that have at least one
edge of integer length. If a rectangular parallelepiped Py can be decomposed into
parallelepipeds Py, P, ..., P, € &, prove that Py € .

3.21.3 Shortlisted Problems

1. (BEL 1) Prove that in the Euclidean plane every regular polygon having an even
number of sides can be dissected into lozenges. (A lozenge is a quadrilateral
whose four sides are all of equal length).

2. (BEL 4) From a bag containing 5 pairs of socks, each pair a different color, a
random sample of 4 single socks is drawn. Any complete pairs in the sample are
discarded and replaced by a new pair drawn from the bag. The process continues
until the bag is empty or there are 4 socks of different colors held outside the
bag. What is the probability of the latter alternative?

3. (BGR 1) Find all polynomials f(x) with real coefficients for which

F()f(2%) = (207 +x).

4. (BGR 3)™O2 A pentagonal prism A;A; ... AsB;Bs ... Bs is given. The edges, the
diagonals of the lateral walls and the internal diagonals of the prism are each
colored either red or green in such a way that no triangle whose vertices are
vertices of the prism has its three edges of the same color. Prove that all edges
of the bases are of the same color.

5. (CZS 2) Let n > 2 be an integer. Find the maximal cardinality of a set M of
pairs (j,k) of integers, 1 < j < k < n, with the following property: If (j,k) € M,
then (k,m) & M for any m.

6. (CZS 4) Find the real values of p for which the equation

\/2p+1—x2+\/3x+p+4: \/x2+9x—|—3p+9

in x has exactly two real distinct roots (1/f means the positive square root of ¢).

7. (FRG ™! Given that | — 3+ — 3+ — 355 + 1355 = &, where p and ¢
are natural numbers having no common factor, prove that p is divisible by 1979.

8. (FRG 3) For all rational x satisfying 0 < x < 1, f is defined by

) f(2x)/4, for0<x<1/2,
FOY =\ 53/a4 f2x—1)/4 for 1/2 <x < 1.

Given that x = 0.bbyb3 . .. is the binary representation of x, find f(x).

9. (FRG 4)™O6 et S and F be two opposite vertices of a regular octagon. A
counter starts at S and each second is moved to one of the two neighboring
vertices of the octagon. The direction is determined by the toss of a coin. The
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process ends when the counter reaches F'. We define a,, to be the number of dis-
tinct paths of duration n seconds that the counter may take to reach F' from S.
Prove that forn=1,2,3,...,

1
ay—1 =0, azn:%(xn_l—y"_l), where x =2+1/2,y =2 —+/2.

(FIN 3) Show that for any vectors a, b in Euclidean space,

3V3
jax b < ;—f|a|2\b|2|a—b|2.

Remark. Here x denotes the vector product.

(GDR 1) Givenreal numbersx,x,...,x, (n>2),withx; > 1/n(i=1,2,...,n)

and with x% +x% + - +xﬁ = 1, find whether the product P = xjxpx3- - x,, has a
greatest and/or least value and if so, give these values.

(GDR 3) Let R be a set of exactly 6 elements. A set F' of subsets of R is called
an S-family over R if and only if it satisfies the following three conditions:

(i) Fornotwosets X,YinFis X CY;

(ii) For any three sets X,Y,Zin F,XUY UZ #R,
(iii) Uyer X =R.
We define |F| to be the number of elements of F (i.e., the number of subsets of R
belonging to F). Determine, if it exists, 7 = max |F |, the maximum being taken
over all S-families over R.

(HEL 1) Show that 23 < sin20° < 2.

(HEL 5) Find all bases of logarithms in which a real positive number can be
equal to its logarithm or prove that none exist.

(ISR 2)™O5 The nonnegative real numbers X, X2, X3, x4, X5, a satisfy the follow-
ing relations:

5
Z:ix,-za7 Zi3xi:a2, Zisxi=a3.
i i i=1

What are the possible values of a?

(ISR 4) Let K denote the set {a,b,c,d,e}. F is a collection of 16 different
subsets of K, and it is known that any three members of F have at least one
element in common. Show that all 16 members of F have exactly one element
in common.

(NLD 1) Inside an equilateral triangle ABC one constructs points P, Q and R
such that

ZQAB = /PBA = 15°,

ZRBC = ZQCB = 20°,

ZPCA = ZRAC = 25°.

Determine the angles of triangle POR.
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3 Problems
(POL 1) Letm positive integers ay, . .. ,a, be given. Prove that there exist fewer
than 2™ positive integers by, ..., b, such that all sums of distinct b;’s are distinct

and all @; (i < m) occur among them.

(ROU 1) Consider the sequences (ay,), (b,) defined by
ar=3, b =100, Ups1 =3%, by =100,

Find the smallest integer m for which b,, > ajqo.

(SWE 2) Given the integer n > 1 and the real number a > 0 determine the
maximum of 2:’;11 xixi+1 taken over all nonnegative numbers x; with sum a.

(USS 1) Let N be the number of integral solutions of the equation

2 yz A
satisfying the condition 0 < x,y,z,¢ < 10°, and let M be the number of integral
solutions of the equation

xz—y2=z3—t3+1

satisfying the condition 0 < x,y,z,# < 10°. Prove that N > M.

(USS 3)™O3 There are two circles in the plane. Let a point A be one of the
points of intersection of these circles. Two points begin moving simultaneously
with constant speeds from the point A, each point along its own circle. The two
points return to the point A at the same time. Prove that there is a point P in the
plane such that at every moment of time the distances from the point P to the
moving points are equal.

(USA 4) Find all natural numbers n for which 28 + 2! + 27 is a perfect square.

(USA 5) A circle O with center O on base BC of an isosceles triangle ABC
is tangent to the equal sides AB,AC. If point P on AB and point Q on AC are
selected such that PB x CQ = (BC/2)?, prove that line segment PQ is tangent to
circle O, and prove the converse.

(USA 6)™%* Given a point P in a given plane 7 and also a given point Q not in

7, show how to determine a point R in 7 such that % is a maximum.

(YUG 4) Prove that the functional equations

fx+y) = fx)+ (),
and  f(x+y+xy) = f(x)+ )+ f(xy) (x,y€R)

are equivalent.
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3.22 The Twenty-Second IMO
Washington DC, United States of America, July 8-20, 1981

3.22.1 Contest Problems

First Day (July 13)

. Find the point P inside the triangle ABC for which

BC n CA n AB

PD PE PF
is minimal, where PD, PE, PF are the perpendiculars from P to BC, CA, AB
respectively.

Let f(n,r) be the arithmetic mean of the minima of all r-subsets of the set

_ n+tl
{1,2,...,n}. Prove that f(n,r) = 5.

. Determine the maximum value of m> 4 n> where m and n are integers satisfying

mmne{l,2,...,1981} and (n*—mn—m*)>=1

Second Day (July 14)

(a) For which values of n > 2 is there a set of n consecutive positive integers
such that the largest number in the set in the set is a divisor of the least
common multiple of the remaining n — 1 numbers?

(b) For which values of n > 2 is there a unique set having the stated property?

. Three equal circles touch the sides of a triangle and have one common point O.

Show that the center of the circle inscribed in and of the circle circumscribed
about the triangle ABC and the point O are collinear.

. Assume that f(x,y) is defined for all positive integers x and y, and that the fol-

lowing equations are satisfied:

f(0,y) =y+1,
fx+1,0) = f(x,1),
fx+Ly+1) = flx, f(x+1,)).

Determine f(4,1981).

3.22.2 Shortlisted Problems

1.

(BEL)™%* (a) For which values of n > 2 is there a set of n consecutive positive
integers such that the largest number in the set is a divisor of the least
common multiple of the remaining » — 1 numbers?

(b) For which values of n > 2 is there a unique set having the stated property?
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3 Problems

. (BGR) A sphere S is tangent to the edges AB,BC,CD,DA of a tetrahedron

ABCD at the points E, F,G,H respectively. The points E,F,G,H are the ver-
tices of a square. Prove that if the sphere is tangent to the edge AC, then it is also
tangent to the edge BD.

. (CAN) Find the minimum value of

max(a+b+c,b+c+d,c+d+ed+e+fie+f+g)
subject to the constraints
(i) a,b,c,d,e,f,g >0, (i) a+b+c+d+e+f+g=1.

(CAN) Let {f,} be the Fibonacci sequence {1,1,2,3,5,...}.
(a) Find all pairs (a,b) of real numbers such that for each n, af, +bf,+1 is a
member of the sequence.
(b) Find all pairs (u,v) of positive real numbers such that for each n, uf? +
v ,12 "1 1s a member of the sequence.

. (COL) A cubeis assembled with 27 white cubes. The larger cube is then painted

black on the outside and disassembled. A blind man reassembles it. What is
the probability that the cube is now completely black on the outside? Give an
approximation of the size of your answer.

. (CUB) Let P(z) and Q(z) be complex-variable polynomials, with degree not

less than 1. Let
P={z€C|P(z)=k}, Or={z€C|Q(z)=k}.
Let also Py = Qp and P, = Q. Prove that P(z) = Q(z).

. (FIN)MO® Agsume that f (x,y) is defined for all positive integers x and y, and

that the following equations are satisfied:

f(0,y) = y+1,
fx+1,0) = f(x,1),
fe+Ly+1) = flx, f(x+1,y)).

Determine f(2,2), f(3,3) and f(4,4).
Alternative version: Determine f(4,1981).

. (FRG)™O? Let f(n,r) be the arithmetic mean of the minima of all r-subsets of

the set {1,2,...,n}. Prove that f(n,r) = 5.

. (FRG) A sequence (a,) is defined by means of the recursion

1 +4a,+ /T+ 24a,

a=1, am1= T

Find an explicit formula for a,,.
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(FRA) Determine the smallest natural number n having the following property:
For every integer p, p > n, it is possible to subdivide (partition) a given square
into p squares (not necessarily equal).

(NLD) On a semicircle with unit radius four consecutive chords AB, BC, CD,DE
with lengths a,b, c,d, respectively, are given. Prove that

a* +b*+ P +d> + abe + bed < 4.

(NLD)™O3 Determine the maximum value of m? +n* where m and  are integers
satisfying

mnc{1,2,...,100} and (0> —mn—m?)*=1.

(ROU) Let P be a polynomial of degree n satisfying

1 —1
P(k)_<”‘kF ) fork=0,1,...,n.

Determine P(n+ 1).

(ROU) Prove that a convex pentagon (a five-sided polygon) ABCDE with equal
sides and for which the interior angles satisfy the condition ZA > /B > ZC >
ZD > ZE is a regular pentagon.

(UNK)MO! Eind the point P inside the triangle ABC for which

BC n CA n AB

PD PE PF
is minimal, where PD, PE . PF are the perpendiculars from P to BC,CA, AB re-
spectively.
(UNK) A sequence of real numbers u,us,us,... is determined by u; and the
following recurrence relation for n > 1:

dup = v/ 64u, +15.

Describe, with proof, the behavior of u,, as n — oo.

(USS)™O5 Three equal circles touch the sides of a triangle and have one com-
mon point O. Show that the center of the circle inscribed in and of the circle
circumscribed about the triangle ABC and the point O are collinear.

(USS) Several equal spherical planets are given in outer space. On the surface
of each planet there is a set of points that is invisible from any of the remaining
planets. Prove that the sum of the areas of all these sets is equal to the area of the
surface of one planet.

(YUG) A finite set of unit circles is given in a plane such that the area of their
union U is S. Prove that there exists a subset of mutually disjoint circles such
that the area of their union is greater than 29—5.
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3.23 The Twenty-Third IMO
Budapest, Hungary, July 5-14, 1982

3.23.1 Contest Problems

First Day (July 9)

1. The function f(n) is defined for all positive integers n and takes on nonnegative
integer values. Also, for all m,n,

flm+n)—f(m)—f(n)=0 or I
f(2)=0, f(3)>0, and f(9999)=3333.
Determine f(1982).

2. A nonisosceles triangle A|AA3 is given with sides ay,as, a3 (a; is the side oppo-
site to A;). For all i = 1,2,3, M; is the midpoint of side a;, T; is the point where
the incircle touches side a;, and the reflection of 7; in the interior bisector of A;
yields the point S;. Prove that the lines M S;,M,S,, and M3S3 are concurrent.

3. Consider the infinite sequences {x,} of positive real numbers with the following
properties:
xo=1 andforall i>0, x1 <ux.

(a) Prove that for every such sequence there is an n > 1 such that

2 2 2

Xn—1
X1 X2 Xn

2 2
(b) Find such a sequence for which ;C—‘]’ + i—i 4+ x"x—;' < 4 for all n.

Second Day (July 10)

4. Prove that if 7 is a positive integer such that the equation x> — 3xy*> +y* = n has
a solution in integers (x,y), then it has at least three such solutions. Show that
the equation has no solution in integers when n = 2891.

5. The diagonals AC and CE of the regular hexagon ABCDEF are divided by the
inner points M and N, respectively, so that ’% = % = r. Determine r if B, M,
and N are collinear.

6. Let S be a square with sides of length 100 and let L be a path within S that does
not meet itself and that is composed of linear segments AgA|,A1A2,...,Ap—1An
with Ay # A,,. Suppose that for every point P of the boundary of S there is a point
of L at a distance from P not greater than % Prove that there are two points X
and Y in L such that the distance between X and Y is not greater than 1 and the
length of the part of L that lies between X and Y is not smaller than 198.
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3.23.2 Longlisted Problems

1. (AUS 1) It is well known that the binomial coefficients (}) = ,(:—lk),, 0<
k < n, are positive integers. The factorial n! is defined inductively by 0! =1,
n!'=n-(n—1)!forn>1.

(a) Prove that ﬁ (2'1”) is an integer for n > 0.
(b) Given a positive integer k, determine the smallest integer C; with the prop-

erty that ~ +C,f+1 (,2,) is an integer for all n > k.

2. (AUS 2) Given a finite number of angular regions Ay, ..., A in a plane, each A;
being bounded by two half-lines meeting at a vertex and provided with a + or —
sign, we assign to each point P of the plane and not on a bounding half-line the
number k — /, where k is the number of + regions and / the number of — regions
that contain P. (Note that the boundary
of A; does not belong to A;.) For in-
stance, in the figure we have two + re-
gions QAP and RCQ, and one — re-
gion RBP. Every point inside AABC
receives the number 41, while every
point not inside AABC and not on a
boundary halfline the number 0. We say that the interior of AABC is represented
as a sum of the signed angular regions QAP, RBP, and RCQ.

(a) Show how to represent the interior of any convex planar polygon as a sum
of signed angular regions.

(b) Show how to represent the interior of a tetrahedron as a sum of signed solid
angular regions, that is, regions bounded by three planes intersecting at a
vertex and provided with a + or — sign.

3. (AUS 3) Given n points X|,X5,..., X, intheinterval 0 < X; < 1,i=1,2,...,n,
show that there is a point y, 0 <y < 1, such that

LSy x| = 1
nizly 2

4. (AUS 4) (SL82-14).
Original formulation. Let ABCD be a convex planar quadrilateral and let A}
denote the circumcenter of ABCD. Define B1,Cy,D; in a corresponding way.

(a) Prove that either all of A;,B,C,D; coincide in one point, or they are all
distinct. Assuming the latter case, show that A;,C} are on opposite sides of
the line B D1, and similarly, By, D; are on opposite sides of the line A;C;.
(This establishes the convexity of the quadrilateral A;B1C;D;.)

(b) Denote by A, the circumcenter of B{C| D1, and define B;,C>, D> in an anal-
ogous way. Show that the quadrilateral A, B,C, D, is similar to the quadri-
lateral ABCD.

(c) If the quadrilateral A1B{C;D; was obtained from the quadrilateral ABCD
by the above process, what condition must be satisfied by the four points
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A1,B1,Cy,D;? Assuming that the four points A, B,Cy,D; satisfying this
condition are given, describe a construction by straightedge and compass
to obtain the original quadrilateral ABCD. (It is not necessary to actually
perform the construction).

. (BEL 1) Among all triangles with a given perimeter, find the one with the max-

imal radius of its incircle.

. (BEL 2) On the three distinct lines a, b, and c three points A, B, and C are given,

respectively. Construct three collinear points X,Y,Z on lines a, b, c, respectively,
such that % =2 and % =3.

. (BEL 3) Find all solutions (x,y) € Z? of the equation

=y =2xy+8.

. (BRA 1) (SL82-10).
. (BRA 2) Let n be a natural number, n > 2, and let ¢ be Euler’s function; i.e.,

¢(n) is the number of positive integers not exceeding n and coprime to n. Given
any two real numbers o and 3, 0 < or < 8 < 1, prove that there exists a natural
number m such that

¢ (m)

<P

(BRA 3) Let ry,...,r, be the radii of n spheres. Call S1,S5>,...,S, the areas of
the set of points of each sphere from which one cannot see any point of any other
sphere. Prove that

o<

S—;+S%+"~+S—Z =4r.

}"1 }"2 n
(BRA 4) A rectangular pool table has a hole at each of three of its corners. The
lengths of sides of the table are the real numbers a and b. A billiard ball is shot
from the fourth corner along its angle bisector. The ball falls in one of the holes.
What should the relation between a and b be for this to happen?

(BRA 5) Let there be 3399 numbers arbitrarily chosen among the first 6798
integers 1,2,..., 6798 in such a way that none of them divides another. Prove
that there are exactly 1982 numbers in {1,2,...,6798} that must end up being
chosen.

(BGR 1) A regular n-gonal truncated pyramid is circumscribed around a sphere.
Denote the areas of the base and the lateral surfaces of the pyramid by Sy, S5, and
S, respectively. Let o be the area of the polygon whose vertices are the tangential
points of the sphere and the lateral faces of the pyramid. Prove that

T
0S = 48,5, cos” =.
n

(BGR 2) (SL82-4).
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(CAN 1) Show that the set S of natural numbers n for which 3/n cannot be
written as the sum of two reciprocals of natural numbers (S = {n|3/n# 1/p+
1/q for any p,q € N}) is not the union of finitely many arithmetic progressions.

(CAN 2) (SL82-7).
(CAN 3) (SL82-11).
(CAN 4) You are given an algebraic system admitting addition and multiplica-

tion for which all the laws of ordinary arithmetic are valid except commutativity
of multiplication. Show that

(a+ab~'a) ' +(a+b)'=a"",

where x! is the element for which x 'x = xx~! = ¢, where e is the element of

the system such that for all a the equality ea = ae = a holds.
(CAN5) (SL82-15).

(CZS 1) Consider a cube C and two planes o, 7, which divide Euclidean space
into several regions. Prove that the interior of at least one of these regions meets
at least three faces of the cube.

(CZS 2) All edges and all diagonals of regular hexagon AjA;A3A4A5A¢ are
colored blue or red such that each triangle A ;A A, 1 < j <k <m <6 has at
least one red edge. Let Ry be the number of red segments AzA j, (j # k). Prove
the inequality

(2R, —7)* < 54.

M

k=1

(CZS 3) (SL82-19).

(FIN 1) Determine the sum of all positive integers whose digits (in base ten)
form either a strictly increasing or a strictly decreasing sequence.

(FIN 2) Prove that if a person a has infinitely many descendants (children, their
children, etc.), then a has an infinite sequence ag,ay,... of descendants (i.e.,
a = ap and for all n > 1, a,+ is always a child of a;,). It is assumed that no-one
can have infinitely many children.

Variant 1. Prove that if a has infinitely many ancestors, then a has an infinite
descending sequence of ancestors (i.e., agp,ay, ... where a = ag and a, is always
achild of @, 1).

Variant 2. Prove that if someone has infinitely many ancestors, then all people
cannot descend from A(dam) and E (ve).

(FIN 3) (SL82-12).

(FRA 1) Let (an)n>0 and (by,),>0 be two sequences of natural numbers. Deter-
mine whether there exists a pair (p,q) of natural numbers that satisfy

p<q and ap<ay, b,<b,.
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(FRA 2) (SL82-18).

(FRA 3) Let (uj,...,u,) be an ordered ntuple. For each k, 1 < k < n, define
Vi = ¥ujuy - uy. Prove that

M=

n
w<e- Zuk.
k=1

(e is the base of the natural logarithm).

k=1

(FRA 4) Let f: R — R be a continuous function. Suppose that the restriction of
f to the set of irrational numbers is injective. What can we say about f? Answer
the analogous question if f is restricted to rationals.

(UNK 1) (SL82-9).

(UNK 2) (SL82-16).

(UNK 3) (SL82-1).

(UNK 4) A sequence (u,) of integers is defined for n > 0 by up =0, u; = 1, and
Uy — 2up—1+ (1 —c)up—y =0 (n > 2), where c is a fixed integer independent of
n. Find the least value of ¢ for which both of the following statements are true:

(i) If p is a prime less than or equal to P, then p divides u,,.
(ii) If p is a prime greater than P, then p does not divide u,,.

(GDR 1) Let M be the set of all functions f with the following properties:

(i) f is defined for all real numbers and takes only real values.

(ii) Forallx,y € R the following equality holds: f(x)f(y) = f(x+y)+ f(x—y).
(iii) £(0) #0.
Determine all functions f € M such that

@ f(1)=5/2;

®) f(1)=+3.
(GDR 2) If the inradius of a triangle is half of its circumradius, prove that the
triangle is equilateral.

(NLD 1) (SL82-13).
(NLD 2) (SL82-5).
(POL 1) Numbers u, ; (1 <k < n) are defined as follows:

n
upr =1,  dyy= <k) - Y Uyaga

dln, dlk, d>1

(the empty sum is defined to be equal to zero). Prove that n | u,, ; for every natural
number n and for every k (1 < k <n).
(POL 2) Let S be the unit circle with center O and let P;, P>, ..., P, be points of S

—
such that the sum of vectors v; = OP; is the zero vector. Prove that the inequality
>* | XP; > nholds for every point X.
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(POL 3) We consider a game on an infinite chessboard similar to that of soli-
taire: If two adjacent fields are occupied by pawns and the next field is empty
(the three fields lie on a vertical or horizontal line), then we may remove these
two pawns and put one of them on the third field. Prove that if in the initial po-
sition pawns fill a 3k x n rectangle, then it is impossible to reach a position with
only one pawn on the board.

(POL 4) (SL82-8).

(POL 5) Let.Z be the family of all k-element subsets of the set {1,2,...,2k+
1}. Prove that there exists a bijective function f : % — % such that for every
A € 7, the sets A and f(A) are disjoint.

(TUN 1) (a) What is the maximal number of acute angles in a convex polygon?

(b) Consider m points in the interior of a convex n-gon. The n-gon is partitioned
into triangles whose vertices are among the n -+ m given points (the vertices
of the n-gon and the given points). Each of the m points in the interior is a
vertex of at least one triangle. Find the number of triangles obtained.

(TUN 2) Let A and B be positions of two ships M and N, respectively, at the
moment when N saw M moving with constant speed v following the line Ax. In
search of help, N moves with speed kv (k < 1) along the line By in order to meet
M as soon as possible. Denote by C the point of meeting of the two ships, and
set

AB=d, /BAC=a, 0<a< g

Determine the angle ZABC = 3 and time ¢ that N needs in order to meet M.
(TUN 3) (SL82-20).

(USA 1) Prove that if a diagonal is drawn in a quadrilateral inscribed in a circle,
the sum of the radii of the circles inscribed in the two triangles thus formed is
the same, no matter which diagonal is drawn.

(USA 2) Evaluate sec”  +sec” %’ + sec” %” + sec” %’. (Here sec” means the
second derivative of sec.)

(USA 3) Given a finite sequence of complex numbers cj,c,...,c,, show
that there exists an integer k (1 < k < n) such that for every finite sequence
ai,ap,...,a, of real numbers with 1 > a; > a, > --- > a, > 0, the following
inequality holds:

(USA 4) Simplify
u (2n)!
2 (kN)*((n—k)1)>

k=0

(USS 1) Let O be the midpoint of the axis of a right circular cylinder. Let A
and B be diametrically opposite points of one base, and C a point of the other
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base circle that does not belong to the plane OAB. Prove that the sum of dihedral
angles of the trihedral OABC is equal to 27.

51. (USS 2) Let n numbers xq,x7,...,x, be chosen in such a way that 1 > x| > x, >
- >x, > 0. Prove that

(T4 x4 x4 Fx,)% < THaF 2% I o @ 1y

ifo<oa<l.
52. (USS 3) We are given 2n natural numbers
1,1,2,2,3,3,....n—1,n—1,n,n.
Find all n for which these numbers can be arranged in a row such that for each
k < n, there are exactly kK numbers between the two numbers k.
53. (USS 4) (SL82-3).
54. (USS 5) (SL82-17).
55. (VNM 1) (SL82-6).

56. (VNM 2) Let f(x) = ax?+bx+cand g(x) = cx?> + bx+a. If [ f(0)| < 1, | £(1)| <
1, |f(=1)| <1, prove that for |x| < 1,
(@) [f(x)] <5/4,
(®) |g(x)] <2.

57. (YUG 1) (SL82-2).

3.23.3 Shortlisted Problems

1. A1 (UNK 3)™O! The function f(n) is defined for all positive integers n and
takes on nonnegative integer values. Also, for all m, n,

f(m+n)—f(m)—f(n)= 0 or I;
f(2)=0, f(3)>0, and f(9999)=3333.
Determine f(1982).

2. A2 (YUG 1) Let K be a convex polygon in the plane and suppose that K is
positioned in the coordinate system in such a way that

1
area (KN Q;) = 2 area K (i=1,2,3,4,),

where the Q; denote the quadrants of the plane. Prove that if K contains no
nonzero lattice point, then the area of K is less than 4.

3. A3 (USS 4)™93 Consider the infinite sequences {x,} of positive real numbers
with the following properties:

xo=1 andforall i>0, x1 <ux.
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2 2
(a) Prove that for every such sequence there is an n > 1 such that i—? + % +
2
22l >3.999,

2 2
(b) Find such a sequence for which ;C—‘]’ + i—i 4+ x"x—;' < 4 for all n.

. A4 (BGR 2) Determine all real values of the parameter a for which the equation

16x* —ax® + (2a+17)x* —ax+16 =0

has exactly four distinct real roots that form a geometric progression.

. A5 (NLD 2)™95 Let A|A,A3A4A5A¢ be a regular hexagon. Each of its diagonals

Aj_1A;j+ is divided into the same ratio %, where 0 < A < 1, by a point B; in
such a way that A;, B;, and B, are collinear (i = 1,...,6 (mod 6)). Compute A.

. A6 (VNM 1)MO6 Let § be a square with sides of length 100 and let L be a

path within S that does not meet itself and that is composed of linear segments
ApA1,A1Ay, ... A 1A, With Ag # A,. Suppose that for every point P of the
boundary of S there is a point of L at a distance from P not greater than %
Prove that there are two points X and Y in L such that the distance between X
and Y is not greater than 1 and the length of that part of L that lies between X
and Y is not smaller than 198.

. B1 (CAN 2) Let p(x) be a cubic polynomial with integer coefficients with lead-

ing coefficient 1 and with one of its roots equal to the product of the other two.
Show that 2p(—1) is a multiple of p(1) + p(—1) —2(1+ p(0)).

. B2 (POL 4) A convex, closed figure lies inside a given circle. The figure is seen

from every point of the circumference at a right angle (that is, the two rays drawn
from the point and supporting the convex figure are perpendicular). Prove that
the center of the circle is a center of symmetry of the figure.

. B3 (UNK 1) Let ABC be a triangle, and let P be a point inside it such that

APAC = APBC. The perpendiculars from P to BC and CA meet these lines at L
and M, respectively, and D is the midpoint of AB. Prove that DL = DM.

B4 (BRA 1) A box contains p white balls and ¢ black balls. Beside the box
there is a pile of black balls. Two balls are taken out of the box. If they have the
same color, a black ball from the pile is put into the box. If they have different
colors, the white ball is put back into the box. This procedure is repeated until
the last two balls are removed from the box and one last ball is put in. What is
the probability that this last ball is white?

B5 (CAN 3) (a) Find the rearrangement {aj,...,a,} of {1,2,...,n} that max-
imizes
aiay +axaz+---+aya; = Q.
(b) Find the rearrangement that minimizes Q.

B6 (FIN 3) Four distinct circles C,C,C,,C3 and a line L are given in the plane
such that C and L are disjoint and each of the circles C,C;,C; touches the other
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two, as well as C and L. Assuming the radius of C to be 1, determine the distance
between its center and L.

C1 (NLD 1)™MO2 A gcalene triangle A1A>A3 is given with sides aj,as,a3 (a; is
the side opposite to A;). For all i = 1,2,3, M; is the midpoint of side a;, 7; is the
point where the incircle touches side a;, and the reflection of 7; in the interior
bisector of A; yields the point S;. Prove that the lines M S|, M,S>, and M3S3 are
concurrent.

C2 (AUS 4) Let ABCD be a convex plane quadrilateral and let A; denote the
circumcenter of ABCD. Define B,Cj, D in a corresponding way.
(a) Prove that either all of Aj,B;,C;,D; coincide in one point, or they are all
distinct. Assuming the latter case, show that A;,C; are on opposite sides of
the line B D, and similarly, By, D; are on opposite sides of the line A;C;.
(This establishes the convexity of the quadrilateral A; B{CD;.)
(b) Denote by A, the circumcenter of B;C; D1, and define B;,C>,D; in an anal-
ogous way. Show that the quadrilateral A B,C, D, is similar to the quadri-
lateral ABCD.

C3 (CAN 5) Show that

holds for every 1 # s > O real and 0 < a < 1 rational.

C4 (UNK 2)™MO* prove that if n is a positive integer such that the equation
x* —3xy? +y® = n has a solution in integers (x,y), then it has at least three such
solutions. Show that the equation has no solution in integers when n = 2891.

C5 (USS 5) The right triangles ABC and AB|C are similar and have opposite
orientation. The right angles are at C and C, and we also have ZCAB = ZC|AB;.
Let M be the point of intersection of the lines BC| and B C. Prove that if the lines
AM and CC exist, they are perpendicular.

C6 (FRA 2) Let O be a point of three-dimensional space and let /1,/,,l3 be
mutually perpendicular straight lines passing through O. Let S denote the sphere
with center O and radius R, and for every point M of S, let S); denote the sphere
with center M and radius R. We denote by P;, P>, P53 the intersection of Sy, with
the straight lines /1,1, /3, respectively, where we put P; # O if [; meets Sy, at
two distinct points and P, = O otherwise (i = 1,2,3). What is the set of centers
of gravity of the (possibly degenerate) triangles Py P»P; as M runs through the
points of S?

C7 (CZS 3) Let M be the set of real numbers of the form \/’%, where m and
m-+n

n are positive integers. Prove that for every pair x € M, y € M with x <y, there
exists an element z € M such that x < z < y.

C8 (TUN 3) Let ABCD be a convex quadrilateral and draw regular triangles
ABM, CDP, BCN, ADQ, the first two outward and the other two inward. Prove
that MN = AC. What can be said about the quadrilateral MNPQ?
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3.24 The Twenty-Fourth IMO
Paris, France, July 1-12, 1983

3.24.1 Contest Problems

First Day (July 6)

1. Find all functions f defined on the positive real numbers and taking positive real
values that satisfy the following conditions:

(i) f(xf(y)) = yf(x) for all positive real x,y;
(i) f(x) — 0asx— oo,

2. Let K be one of the two intersection points of the circles W; and W;. Let O; and
0, be the centers of W; and W,. The two common tangents to the circles meet
W, and W, respectively in P; and P, the first tangent, and Q; and Q; the second
tangent. Let M, and M, be the midpoints of P;Q; and P,(Q», respectively. Prove
that Z0,KO, = ZM\KM,.

3. Let a,b,c be positive integers satisfying (a,b) = (b,c) = (¢,a) = 1. Show that
2abc — ab — bc — ca is the largest integer not representable as
xbc + yca + zab

with nonnegative integers x, y, Z.

Second Day (July 7)

4. Let ABC be an equilateral triangle. Let E be the set of all points from segments
AB, BC, and CA (including A, B, and C). Is it true that for any partition of the
set E into two disjoint subsets, there exists a right-angled triangle all of whose
vertices belong to the same subset in the partition?

5. Prove or disprove the following statement: In the set {1,2,3,..., 105} a subset
of 1983 elements can be found that does not contain any three consecutive terms
of an arithmetic progression.

6. If a, b, and c are sides of a triangle, prove that
a’b(a—b)+b*c(b—c)+c*alc—a) >0

and determine when there is equality.

3.24.2 Longlisted Problems

1. (AUS 1) (SL83-1).

2. (AUS 2) Seventeen cities are served by four airlines. It is noted that there is di-
rect service (without stops) between any two cities and that all airline schedules
offer round-trip flights. Prove that at least one of the airlines can offer a round
trip with an odd number of landings.
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(AUS 3) (a) Given a tetrahedron ABCD and its four altitudes (i.e., lines through
each vertex, perpendicular to the opposite face), assume that the altitude
dropped from D passes through the orthocenter Hy of AABC. Prove that
this altitude DHy intersects all the other three altitudes.

(b) If we further know that a second altitude, say the one from vertex A to the
face BCD, also passes through the orthocenter H of ABCD, then prove that
all four altitudes are concurrent and each one passes through the orthocen-
ter of the respective triangle.

(BEL 1) (SL83-2).

5. (BEL 2) Consider the set Q? of points in R2, both of whose coordinates are

10.

11.

12.

13.

14.

rational.
(a) Prove that the union of segments with vertices from Q? is the entire set R.
(b) Is the convex hull of Q? (i.e., the smallest convex set in R? that contains
Q) equal to R??°

(BEL 3) (SL83-3).

. (BEL 4) Find all numbers x € Z for which the number

44 x4
is a perfect square.
(BEL 5) (SL83-4).
(BRA 1) (SL83-5).

(BRA 2) Which of the numbers 1,2,...,1983 has the largest number of divi-
sors?

(BRA 3) A boy at point A wants to get water at a circular lake and carry it to
point B. Find the point C on the lake such that the distance walked by the boy
is the shortest possible given that the line AB and the lake are exterior to each
other.

(BRA 4) The number O or 1 is to be assigned to each of the n vertices of a
regular polygon. In how many different ways can this be done (if we consider
two assignments that can be obtained one from the other through rotation in the
plane of the polygon to be identical)?

(BGR1) Let p be a prime number and ay, az,...,a(, 1)/, different natural num-
bers less than or equal to p. Prove that for each natural number r less than or
equal to p, there exist two numbers (perhaps equal) a; and a; such that

P Ea,-aj(mod r).

(BGR 2) Let [ be tangent to the circle k at B. Let A be a point on k and P the
foot of perpendicular from A to /. Let M be symmetric to P with respect to AB.
Find the set of all such points M.

6 The problem is unclear. In this form, part (a) is false and part (b) is trivial.
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(CAN 1) Find all possible finite sequences {ng,n1,ny,...,n;} of integers such
that for each i, i appears in the sequence n; times (0 < i < k).

(CAN 2) (SL83-6).
(CAN 3) In how many ways can 1,2,...,2n be arranged in a 2 X n rectangular
ay ay -+ dp P
array (bl by - b, for which:
1) ay<ax<---<ay,
(i1) by < by < --- < by,
(i) ay < by, ar <ba,...,a, <b,?

(CAN4) Let b > 2 be a positive integer.

(a) Show that for an integer N, written in base b, to be equal to the sum of the
squares of its digits, it is necessary either that N = 1 or that N have only
two digits.

(b) Give a complete list of all integers not exceeding 50 that, relative to some
base b, are equal to the sum of the squares of their digits.

(c) Show that for any base b the number of two-digit integers that are equal to
the sum of the squares of their digits is even.

(d) Show that for any odd base b there is an integer other than 1 that is equal
to the sum of the squares of its digits.

(CAN 5) (SL83-7).

(COL 1) Let f and g be functions from the set A to the same set A. We define
f to be a functional nth root of g (n is a positive integer) if f"(x) = g(x), where
) = ).
(a) Prove that the function g : R — R, g(x) = 1 /x has an infinite number of nth
functional roots for each positive integer n.
(b) Prove that there is a bijection from R onto R that has no nth functional root
for each positive integer n.

(COL 2) Prove that there are infinitely many positive integers n for which it is
possible for a knight, starting at one of the squares of an n x n chessboard, to go
through each of the squares exactly once.

(CUB 1) Does there exist an infinite number of sets C consisting of 1983 con-
secutive natural numbers such that each of the numbers is divisible by some
number of the form @83, witha € N, a #+1?

(FIN 1) (SL83-10).

(FIN 2) Every x, 0 < x < 1, admits a unique representation x = 2?:0 a j2’f ,

_ l+c

where all the a; belong to {0, 1} and infinitely many of them are 0. If 5(0) = 7=,

b(1) = ﬁ,c>0, and

o

f(x)=ao+ be(ao) -b(aj)ajir,
=
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3 Problems

show that 0 < f(x) —x < c forevery x, 0 <x < I.
(FIN 2') (SL83-11).

(FRG 1) How many permutations aj,dy,...,a, of {1,2,...,n} are sorted into
increasing order by at most three repetitions of the following operation: Move
from left to right and interchange a; and a;; whenever a; > a;; for i running
from lupton—1?

(FRG 2) Let a,b,c be positive integers satisfying (a,b) = (b,c) = (c,a) = 1.
Show that 2abc — ab — bc — ca cannot be represented as bcx + cay + abz with
nonnegative integers x, y, Z.

(FRG 3) (SL83-18).
(UNK 1) Show that if the sides a, b, c of a triangle satisfy the equation
2(ab* 4 be? + ca*) = a’b + b*c + ¢*a + 3abc,
then the triangle is equilateral. Show also that the equation can be satisfied by

positive real numbers that are not the sides of a triangle.

(UNK 2) Let O be a point outside a given circle. Two lines OAB, OCD through
O meet the circle at A,B,C, D, where A, C are the midpoints of OB, OD, respec-
tively. Additionally, the acute angle 6 between the lines is equal to the acute
angle at which each line cuts the circle. Find cos 8 and show that the tangents at
A, D to the circle meet on the line BC.

(UNK 3) Prove the existence of a unique sequence {u,} (n =0,1,2...) of
positive integers such that

n
ﬁ:Z(’H—r)unr foralln >0,
r=0 r

where (") is the usual binomial coefficient.

(UNK 4) (SL83-12).

(UNK 5) Let a,b,c be positive real numbers and let [x] denote the greatest
integer that does not exceed the real number x. Suppose that f is a function
defined on the set of nonnegative integers n and taking real values such that
f(0) =0and

f(n) <an+ f([bn]) + f([cn]), foralln>1.
Prove that if b+ ¢ < 1, there is a real number k such that
f(n)<kn  foralln, (1)

while if b+ ¢ = 1, there is a real number K such that f(n) < Knlog,n for all
n > 2. Show that if b+ ¢ = 1, there may not be a real number k that satisfies (1).

(GDR 1) (SL83-16).
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(GDR 2) In a plane are given n points P; (i = 1,2,...,n) and two angles ¢ and
B. Over each of the segments P,P;;| (P, = P;) a point Q; is constructed such
that for all i:

(i) upon moving from P; to P;1 |, Q; is seen on the same side of PP,

(i) LP 1 PQi=a,
(iii) ZPPii Qi = .
Furthermore, let g be a line in the same plane with the property that all the points
P, Q; lie on the same side of g. Prove that

n n

Y d(P,g)=Y.d(0i,g),

i=1 i=1
where d(M,g) denotes the distance from point M to line g.
(GDR 3) (SL83-17).

(ISR 1) The set X has 1983 members. There exists a family of subsets
{81,82,...,Sk} such that:

(i) the union of any three of these subsets is the entire set X, while

(ii) the union of any two of them contains at most 1979 members.
What is the largest possible value of k?

(ISR 2) The points Aj,A3,...,Aj983 are set on the circumference of a circle
and each is given one of the values +1. Show that if the number of points with
the value +1 is greater than 1789, then at least 1207 of the points will have the
property that the partial sums that can be formed by taking the numbers from
them to any other point, in either direction, are strictly positive.

(KWT 1) Let {u,} be the sequence defined by its first two terms ug,u; and the
recursion formula

Upp = Up — Upt1.

(a) Show that u, can be written in the form u,, = aa” + Bb", where a,b, o, B
are constants independent of n that have to be determined.

(b) If S, = up+uy +---+uy, prove that S, +u,,_ is a constant independent of
n. Determine this constant.

(KWT 2) If o is the real root of the equation
E(x)=x>—5x—50=0

such that x,,+1 = (5x, + 50)1/ 3and x; =5, where n is a positive integer, prove
that:

(@ x,, — o} =50,—a)

(b) a<xpi1 <xy

(LUX 1) Four faces of tetrahedron ABCD are congruent triangles whose angles
form an arithmetic progression. If the lengths of the sides of the triangles are
a < b < ¢, determine the radius of the sphere circumscribed about the tetrahedron
as a function on a, b, and c. What is the ratio ¢/a if R = a?
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(LUX 2) (SL83-13).

(LUX 3) Consider the square ABCD in which a segment is drawn between each
vertex and the midpoints of both opposite sides. Find the ratio of the area of the
octagon determined by these segments and the area of the square ABCD.

(LUX 4) Given a square ABCD, let P, Q, R, and S be four variable points on the
sides AB, BC, CD, and DA, respectively. Determine the positions of the points
P, O, R, and S for which the quadrilateral PORS is a parallelogram, a rectangle,
a square, or a trapezoid.

(LUX'S) We are given twelve coins, one of which is a fake with a different mass
from the other eleven. Determine that coin with three weighings and whether it
is heavier or lighter than the others.

(LUX 6) Lettwo glasses, numbered 1 and 2, contain an equal quantity of liquid,
milk in glass 1 and coffee in glass 2. One does the following: Take one spoon of
mixture from glass 1 and pour it into glass 2, and then take the same spoon of
the new mixture from glass 2 and pour it back into the first glass. What happens
after this operation is repeated n times, and what as » tends to infinity?

(LUX 7) Let f be a real-valued function defined on I = (0, +e) and having no
zeros on I. Suppose that

T
I
For the sequence u,, = In ’f %:)1) , prove that u,, — +oo (n — o).

(NLD 1) In a plane, three pairwise intersecting circles C;,C,,C3 with centers
My, M,,M5 are given. For i = 1,2,3, let A; be one of the points of intersec-
tion of Cj and Cy ({l,],k} = {],2,3}). Prove that if ZM3A M) = /M AyM3 =
ZMpAsM = /3 (directed angles), then M 1A, M>A,, and M3Aj3 are concurrent.

(NLD 2) Prove that in any parallelepiped the sum of the lengths of the edges is
less than or equal to twice the sum of the lengths of the four diagonals.

(POL 1) Given positive integers k,m,n with km < n and nonnegative real num-
bers x1,...,x;, prove that

k
n <Hx;" - 1) <m
i=1 i

M=

(o =1)-
1

(POL 2) (SL83-14).
(POL 3) (SL83-15).
(ROU 1) (SL83-19).

(ROU 2) Leta € R and let z1,z7,...,z, be complex numbers of modulus 1
satisfying the relation
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>z =4(a+(@—n)i)-3Y %.
k=1 k=1
Prove thata € {0,1,...,n} and z; € {1,i} for all k.
(ROU 3) (SL83-20).

(ROU 4) For every a € N denote by M(a) the number of elements of the set
{b €N |a+bisadivisor of ab}.

Find max;<1983 M(a)
(ROU 5) Consider the expansion

(14 x4+ 22423400 = a4 arx -+ arogar' %4,

(a) Determine the greatest common divisor of the coefficients a3, ag, a;3, ...,

aj983.
(b) Prove that 10°*0 < ¢ < 10347,

(ESP 1) In the system of base n”> + 1 find a number N with n different digits
such that:
(i) N is a multiple of n. Let N = nN'.
(ii) The number N and N’ have the same number n of different digits in base
n% + 1, none of them being zero.
(iii) If s(C) denotes the number in base n”> 4 1 obtained by applying the per-
mutation s to the n digits of the number C, then for each permutation s,
s(N) = ns(N").

(ESP 2) (SL83-8).
(ESP 3) Solve the equation

tan? (2x) 4 2tan(2x) - tan(3x) — 1 = 0.

(SWE 1) (SL83-21).

(SWE 2) Let a and b be integers. Is it possible to find integers p and ¢ such that
the integers p + na and g + nb have no common prime factor no matter how the
integer n is chosen.

(SWE 3) A circle y is drawn and let AB be a diameter. The point C on 7 is the
midpoint of the line segment BD. The line segments AC and DO, where O is the
center of 7, intersect at P. Prove that there is a point £ on AB such that P is on
the circle with diameter AE.

(SWE 4) (SL83-22).

(USA 1) The sum of all the face angles about all of the vertices except one
of a given polyhedron is 5160. Find the sum of all of the face angles of the
polyhedron.
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65. (USA 2) Let ABCD be a convex quadrilateral whose diagonals AC and BD
intersect in a point P. Prove that

/E __cot Z/BAC + cot ZDAC
PC  cot/BCA+cot/DCA’

66. (USA 3) (SL83-9).

67. (USA 4) The altitude from a vertex of a given tetrahedron intersects the op-
posite face in its orthocenter. Prove that all four altitudes of the tetrahedron are
concurrent.

68. (USA 5) Three of the roots of the equation x* — px® + x> — rx+s = 0 are tanA,
tan B, and tanC, where A, B, and C are angles of a triangle. Determine the fourth
root as a function only of p, g, r, and s.

69. (USS 1) (SL83-23).
70. (USS 2) (SL83-24).
71. (USS 3) (SL83-25).
72. (USS 4) Prove that for all x1,x2,...,x, € R the following inequality holds:

z cos? (x; —x;) > n(n4— 2).

n>i>j>1

73. (VNM 1) Let ABC be a nonequilateral triangle. Prove that there exist two points
P and Q in the plane of the triangle, one in the interior and one in the exterior
of the circumcircle of ABC, such that the orthogonal projections of any of these
two points on the sides of the triangle are vertices of an equilateral triangle.

74. (VNM 2) In a plane we are given two distinct points A, B and two lines a,b
passing through B and A respectively (a 3 B,b 3 A) such that the line AB is
equally inclined to a and b. Find the locus of points M in the plane such that
the product of distances from M to A and a equals the product of distances from
M to B and b (i.e., MA-MA' = MB-MB', where A’ and B’ are the feet of the
perpendiculars from M to a and b respectively).

75. (VNM 3) Find the sum of the fiftieth powers of all sides and diagonals of a
regular 100-gon inscribed in a circle of radius R.

3.24.3 Shortlisted Problems

1. (AUS 1) The localities Py, Ps,...,Pjog3 are served by ten international airlines
A1,A2,..., Aqp. It is noticed that there is direct service (without stops) between
any two of these localities and that all airline schedules offer round-trip flights.
Prove that at least one of the airlines can offer a round trip with an odd number
of landings.
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. (BEL 1) Letn be a positive integer. Let o(n) be the sum of the natural divisors d
of n (including 1 and n). We say that an integer m > 1 is superabundant (P.Erdos,
1944)ifVk € {1,2,...,m—1}, # > % Prove that there exists an infinity of
superabundant numbers.

. (BEL 3)™O0* We say that a set E of points of the Euclidian plane is “Pythagorean”
if for any partition of E into two sets A and B, at least one of the sets contains
the vertices of a right-angled triangle. Decide whether the following sets are
Pythagorean:
(a) acircle;
(b) an equilateral triangle (that is, the set of three vertices and the points of the
three edges).

. (BEL 5) On the sides of the triangle ABC, three similar isosceles triangles ABP
(AP =PB),AQC (AQ = QC), and BRC (BR = RC) are constructed. The first two
are constructed externally to the triangle ABC, but the third is placed in the same
half-plane determined by the line BC as the triangle ABC. Prove that APRQ is a
parallelogram.

. (BRA 1) Consider the set of all strictly decreasing sequences of n natural num-
bers having the property that in each sequence no term divides any other term of
the sequence. Let A = (a;) and B = (b;) be any two such sequences. We say that
A precedes B if for some k, a; < by and a; = b; for i < k. Find the terms of the
first sequence of the set under this ordering.

. (CAN 2) Suppose that {x1,x2,...,x,} are positive integers for which x; +x, +
-+« +x, = 2(n+1). Show that there exists an integer r with 0 < r <n— 1 for
which the following n — 1 inequalities hold:

Xppt + X <2041 Vi, 1<i<n-—r;
Xr XX <2n—r i) 41 Vi 1<i<r—1.

Prove that if all the inequalities are strict, then r is unique and that otherwise
there are exactly two such r.

. (CAN5) Let a be a positive integer and let {a,} be defined by ap = 0 and

ani1 = (an+Da+ (a4 Day+2\/ala+ Day(a, +1)  (n=1,2...).

Show that for each positive integer n, a, is a positive integer.

. (ESP 2) In atest, 3n students participate, who are located in three rows of n stu-
dents in each. The students leave the test room one by one. If Ny (7), Nx(t), N3(t)
denote the numbers of students in the first, second, and third row respectively at
time ¢, find the probability that for each # during the test,

IN(e) = N; ()| <2, i ij=12...

. (USA 3)™MO6 1f 4 b, and c are sides of a triangle, prove that
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a®b(a—b)+b*c(b—c)+c*alc—a) >0

Determine when there is equality.

(FIN 1) Let p and g be integers. Show that there exists an interval / of length
1/¢ and a polynomial P with integral coefficients such that

)4 1
P(x)— —‘ <=
‘ alt 7
forallx e 1.
(FIN 2') Let f: [0,1] — R be continuous and satisfy:
bf(2x) = f(x), 0<x<1/2;

f) =b+(1=b)f(2x—1), 1/2<x<1,

where b = %, ¢ > 0. Show that 0 < f(x) —x < cforevery x, 0 <x < 1.

(UNK 4)™O1 Find all functions f defined on the positive real numbers and tak-
ing positive real values that satisfy the following conditions:

(i) f(xf(y)) =yf(x) forall positive real x,y.

(ii) f(x) — 0asx — oo,
(LUX 2) Let E be the set of 1983 points of the space R? all three of whose
coordinates are integers between 0 and 1982 (including 0 and 1982). A color-
ing of E is a map from E to the set {red,blue}. How many colorings of E are
there satisfying the following property: The number of red vertices among the 8
vertices of any right-angled parallelepiped is a multiple of 4?

(POL 2)™O95 Prove or disprove: From the interval [1,...,30000] one can select
a set of 1000 integers containing no arithmetic triple (three consecutive numbers
of an arithmetic progression).

(POL 3) Decide whether there exists a set M of natural numbers satisfying the
following conditions:
(i) For any natural number m > 1 there are a,b € M such that a+ b = m.

(i) Ifa,b,c,d e M, a,b,c,d >10anda+b=c+d,thena=cora=d.
(GDR 1) Let F(n) be the set of polynomials P(x) = ag + ajx+ - - - + a,x", with
ap,di,....a, €Rand0<agp=a,<a;=a, 1 <---< Afn /2] = A[(n+1)/2)- Prove
that if f € F(m) and g € F(n), then fg € F(m+n).

(GDR 3) Let Py, P,...,P, be distinct points of the plane, n > 2. Prove that

V3
PP;>Y2(/n—1) min PP;.
L) (vVn )15}2?9 o

(FRG 3)™3 Let a, b, c be positive integers satisfying (a,b) = (b,c) = (¢,a) = 1.
Show that 2abc — ab — bc — ca is the largest integer not representable as

xbc + yca + zab

with nonnegative integers x, y, z.
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(ROU 1) Let (F;,),>; be the Fibonacci sequence Fy = F, = 1, Fyy0 = Fp1 + Fy
(n > 1), and P(x) the polynomial of degree 990 satisfying

P(k)=F,, fork=992,...,1982.
Prove that P(1983) = Flogz — 1.
(ROU 3) Solve the system of equations

xi|x1] = xalx| 4 (x1 —a)|x; —al,
X2 |%2| = x3)x3| 4 (v — a) |x2 — al,

Xa|xn| = x1]x1| + (X0 — @) |0 — al,

in the set of real numbers, where a > 0.
(SWE 1) Find the greatest integer less than or equal to 2%1:9183 k1/1983-1

(SWE 4) Let n be a positive integer having at least two different prime factors.
Show that there exists a permutation ay,as, . ..,a, of the integers 1,2, ...,n such
that

1t 21
Y k-cos 4 _ .
=1

n

(USS 1)MO2 | 6t K be one of the two intersection points of the circles W; and
W,. Let O and O, be the centers of W| and W,. The two common tangents to
the circles meet W; and W, respectively in P; and P, the first tangent, and Q;
and Q», the second tangent. Let M| and M, be the midpoints of P;Q; and P,Q»,
respectively. Prove that

LO\KOy = LM KM,.

(USS 2) Let d, be the last nonzero digit of the decimal representation of n!.
Prove that d,, is aperiodic; that is, there do not exist 7 and ng such that for all
n > no, dn+7' =d,.

(USS 3) Prove that every partition of 3-dimensional space into three disjoint
subsets has the following property: One of these subsets contains all possible
distances; i.e., for every a € R, there are points M and N inside that subset
such that distance between M and N is exactly a.
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3.25 The Twenty-Fifth IMO
Prague, Czechoslovakia, June 29-July 10, 1984

3.25.1 Contest Problems
First Day (July 4)

1. Let x,y,z be nonnegative real numbers with x4 y+z = 1. Show that

7
0 <xy+yz+zx—2xyz< >

2. Find two positive integers a,b such that none of the numbers a,b,a + b is divisi-
ble by 7 and (a+b)” —a’ — b is divisible by 77.

3. In a plane two different points O and A are given. For each point X # O of the
plane denote by o:(X) the angle AOX measured in radians (0 < o(X) < 27) and
by C(X) the circle with center O and radius OX + %. Suppose each point of
the plane is colored by one of a finite number of colors. Show that there exists a

point X with (X)) > 0 such that its color appears somewhere on the circle C(X).

Second Day (July 5)

4. Let ABCD be a convex quadrilateral for which the circle of diameter AB is tan-
gent to the line CD. Show that the circle of diameter CD is tangent to the line AB
if and only if the lines BC and AD are parallel.

5. Letd be the sum of the lengths of all diagonals of a convex polygon of n (n > 3)
vertices, and let p be its perimeter. Prove that

n—3<d<l {n} n+1 )
2 p 2\12 2 '

6. Let a,b,c,d be odd positive integers such that a < b < ¢ < d, ad = bc, and
a+d="2F b+ c=2"for some integers k and m. Prove that a = 1.

3.25.2 Longlisted Problems

1. (AUS 1) The fraction l% can be written as the sum of two positive fractions with

.3 1,1 3 _ 1,1
numerator 1 as follows: ;5 = 5 + 15 and also 5 = 7 + 55. There are the only

two ways in which this can be done.

In how many ways can ﬁ be written as the sum of two positive fractions with
numerator 17

Is there a positive integer 7, not divisible by 3, such that % can be written as the
sum of two positive fractions with numerator 1 in exactly 1984 ways?

2. (AUS 2) Given a regular convex 2m-sided polygon P, show that there is a 2m-
sided polygon & with the same vertices as P (but in different order) such that
has exactly one pair of parallel sides.
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3. (AUS 3) The opposite sides of the reentrant hexagon AF BDCE intersect at the
points K,L, M (as shown in the figure). It is given that AL = AM = a, BM =
BK=b,CK=CL=c¢,LD=DM =d, ME =EK =¢, FK=FL=f.

(a) Given length a and the three angles ¢, 3, and y at the vertices A, B, and C,
respectively, satisfying the condition o + 8 + y < 180°, show that all the
angles and sides of the hexagon are thereby uniquely determined.

(b) Prove that ;

1. 1. 1.1
a e b + d’
Easier version of (b). Prove that
(a+f)(b+d)(c+e)
=(ate)b+f)c+d).

4. (BEL 1) Given a triangle ABC, three equilateral triangles AEB, BFC, and CGA
are constructed in the exterior of ABC. Prove that:
(a) CE = AF = BG;
(b) CE, AF, and BG have a common point.

5. (BEL 2) For areal number x, let [x] denote the greatest integer not exceeding x.
If m > 3, prove that
mm+1)1  [m+1
o) [

6. (BEL 3) Let P,Q,R be the polynomials with real or complex coefficients such
that at least one of them is not constant. If P* + Q" + R" = 0, prove that n < 3.

7. (BGR 1) Prove that for any natural number 7, the number (2,1") divides the least
common multiple of the numbers 1,2,...,2n—1,2n.

8. (BGR 2) In the plane of a given triangle AjA>A3 determine (with proof) a
straight line / such that the sum of the distances from A, A,, and A3 to [ is
the least possible.

9. (BGR 3) The circle inscribed in the triangle AjAA3 is tangent to its sides
A1Ar,A2A3, A3A| at points T, 7>, T3, respectively. Denote by M, M>, M3 the
midpoints of the segments AyA3,A3A1,A1A,, respectively. Prove that the per-
pendiculars through the points M|, M,, M5 to the lines 7,73,737, T T, meet at
one point.

10. (BGR 4) Assume that the bisecting plane of the dihedral angle at edge AB of the
tetrahedron ABCD meets the edge CD at point E. Denote by S;,S5>,53, respec-
tively the areas of the triangles ABC, ABE, and ABD. Prove that no tetrahedron
exists for which S1,5,,53 (in this order) form an arithmetic or geometric pro-
gression.

11. (BGR 5) (SL84-13).
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(CAN1) (SL84-11).
Original formulation. Suppose that aj,a,...,ay, are distinct integers such that

(x—a))(x—az) - (x—az)+ (—=1)"1(n!)* =0

aytay+--+ag,

has an integer solution r. Show that r = o

(CAN 2) (SL84-2).

Original formulation. Let m,n be nonzero integers. Show that 4mn —m —n can
be a square infinitely many times, but that this never happens when either m or
n is positive.

Alternative formulation. Let m,n be positive integers. Show that 4mn —m —n
can be 1 less than a perfect square infinitely often, but can never be a square.

(CAN 3) (SL84-6).
(CAN 4) Consider all the sums of the form

1985
N ek’ =£1°£27 £ £1985°,
k=1

where ¢, = +1. What is the smallest nonnegative value attained by a sum of this
type?

(CANS) (SL84-19).

Original formulation. The triangular array (a, x) of numbers is given by a, | =
I/n,forn=1,2,..., Qp 1 = Ap_1 k — Ak, for 1 <k <n— 1. Find the harmonic
mean of the 1985th row.

(FRA 1) (SL84-1).

(FRA 2) Let ¢ be the inscribed circle of the triangle ABC, d a line tangent to ¢
which does not pass through the vertices of triangle ABC. Prove the existence of
points Ay, By,Cy, respectively, on the lines BC,CA,AB satisfying the following
two properties:
(i) Lines AA|,BBj, and CC) are parallel.
(ii) Lines AA, BBy, and CC| meet d respectively at points A’, B, and C’ such
that

A’A;  B'By  C'C

AA BB CC
(FRA 3) Let ABC be an isosceles triangle with right angle at point A. Find the
minimum of the function F given by

F(M) = BM +CM —\/3AM.

(FRG 1) (SL84-5).

(FRG 2)
(1) Start with a white balls and b black balls.
(2) Draw one ball at random.
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(3) If the ball is white, then stop. Otherwise, add two black balls and go to step
2.

Let S be the number of draws before the process terminates. For the cases a =
b=1and a=b=2 only, find a, = P(S =n), b, = P(S < n), lim,_..b,, and
the expectation value of the number of balls drawn: E(S) = ¥~ na,.
(FRG 3) (SL84-17).
Original formulation. In a permutation (x1,xp,...,x,) of the set 1,2,..., n we
call a pair (x;,x;) discordant if i < j and x; > x;. Let d(n,k) be the number of
such permutations with exactly k discordant pairs.

(a) Find d(n,2).

(b) Show that

din,k)=d(n,k—1)+d(n—1,k) —d(n—1,k—1)
with d(n,k) = 0 for k < 0 and d(n,0) = 1 for n > 1. Compute with this
recursion a table of d(n,k) forn =1 to 6.

(FRG 4) A 2x2x12box fixed in space is to be filled with twenty-four 1 x 1 x 2
bricks. In how many ways can this be done?

(FRG 5) (SL84-7).
Original formulation. Consider several types of 4-cell figures:

Find, with proof, for which of these types of figures it is not possible to number
the fields of the 8 x 8 chessboard using the numbers 1,2,...,64 in such a way
that the sum of the four numbers in each of its parts congruent to the given figure
is divisible by 4.

(UNK 1) (SL84-10).

(UNK 2) A cylindrical container has height 6 cm and radius 4 cm. It rests on a
circular hoop, also of radius 4 cm, fixed in a horizontal plane with its axis vertical
and with each circular rim of the cylinder touching the hoop at two points.

The cylinder is now moved so that each of its circular rims still touches the hoop
in two points. Find with proof the locus of one of the cylinder’s vertical ends.

(UNK 3) The function f(n) is defined on the nonnegative integers n by: f(0) =
0, f(1)=1,

) =1 (1= gonon=1)) =7 (gt ) =),

for sm(m—1) < n < m(m+ 1), m > 2. Find the smallest integer n for which
f(n) =5.

(UNK 4) A “number triangle” (f,x) (0 < k < n) is defined by f,,0 = tp, = 1
(n>0),
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m n—m+1
Int1m = (2 - \/g) tym + (2+ \/§> Inm—1 (1 <m< n)

Prove that all 1, ,, are integers.

(GDR1) LetS, ={1,...,n} and let f be a function that maps every subset of S,
into a positive real number and satisfies the following condition: For all A C S,

and x,y € Sy, x 7y, f(AU{x}) f(AU{y}) < F(AU{x,y}) f(A).
Prove that for all A, B C S, the following inequality holds:

f(A)-f(B) < f(AUB)- f(ANB).

(GDR 2) Decide whether it is possible to color the 1984 natural numbers
1,2,3,...,1984 using 15 colors so that no geometric sequence of length 3 of
the same color exists.

(LUX 1) Let fi(x) = x> +ayx*> +b1x+c1 = 0 be an equation with three positive
roots & > 3 > v > 0. From the equation f|(x) = 0 one constructs the equation
fr(x) = x> +aox® + bax + ¢y = x(x + by)? — (a1x + ¢1)> = 0. Continuing this

process, we get equations f3,..., f,. Prove that
- -1
lim */—=a, = a.
n—oo

(LUX 2) (SL84-15).
(MNG 1) (SL84-4).

(MNG 2) One country has n cities and every two of them are linked by a rail-
road. A railway worker should travel by train exactly once through the entire
railroad system (reaching each city exactly once). If it is impossible for worker
to travel by train between two cities, he can travel by plane. What is the minimal
number of flights that the worker will have to use?

(MNG 3) Prove that there exist distinct natural numbers my,mj, ..., my satisfy-
ing the conditions

- 1 1 1 B
n 9 <05 <—+_+...+_) < 1960
my mz my
where 7 is the ratio between circle and its diameter.

(MNG 4) The set {1,2,...,49} is divided into three subsets. Prove that at least
one of these subsets contains three different numbers a,b, ¢ such thata+ b = c.

(MAR 1) Denote by [x] the greatest integer not exceeding x. For all real k > 1,
define two sequences:

an(k)=[nk]  and  bu(k) = {k”_"l} .

If A(k) = {an(k) : n € N} and B(k) = {b,(k) : n € N}, prove that A(k) and B(k)
form a partition of N if and only if & is irrational.
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(MAR 2) Determine all continuous functions f such that

(V(x,y) €R?Y)  flx+y)flx—y) = (Fx)f)*

(MAR 3) Let ABC be an isosceles triangle, AB = AC, /A = 20°. Let D be a
point on AB, and E a point on AC such that ZACD = 20° and ZABE = 30°.
What is the measure of the angle ZCDE?

(NLD 1) (SL84-12).

(NLD 2) Determine positive integers p, g, and r such that the diagonal of a
block consisting of p X g X r unit cubes passes through exactly 1984 of the unit
cubes, while its length is minimal. (The diagonal is said to pass through a unit
cube if it has more than one point in common with the unit cube.)

(NLD 3) Triangle ABC is given for which BC = AC+ %AB. The point P divides
AB such that RP : PA = 1: 3. Prove that ZCAP = 2/CPA.

(POL 1) (SL84-16).
(POL 2) (SL84-9).

(POL 3) Let X be an arbitrary nonempty set contained in the plane and let sets
Al,Ay,... Ay and By, B;, ..., B, be its images under parallel translations. Let us
suppose that

AlUAU---UA,, CBUB,U---UB,

and that the sets Aj,A»,...,A,, are disjoint. Prove that m < n.

(ROU1) Let (ay),>1 and (by,),> be two sequences of natural numbers such that
apt+1 =nay,+1, b, = nb, — 1 for every n > 1. Show that these two sequences
can have only a finite number of terms in common.

(ROU 2) (SL84-8).

(ROU 3) Let ABC be a triangle with interior angle bisectors AA|, BBj, CCy and
incenter 1. If 6[IA;B] + o[IBC] + 6 [IC1A] = $6[ABC], where 6[ABC] denotes
the area of ABC, show that ABC is isosceles.

(ROU4) Letn>1landx; e R fori=1,...,n. SetSk:x’l‘+x§+--~+x’,‘l for
k>1.1f8; =8, =---=S,+1, show that x; € {0, 1} forevery i = 1,2,...,n.

(ROU 5) (SL84-14).

(ESP 1) Two cyclists leave simultaneously a point P in a circular runway with
constant velocities vi,vy (vi > v») and in the same sense. A pedestrian leaves
P at the same time, moving with velocity v3 = % If the pedestrian and the
cyclists move in opposite directions, the pedestrian meets the second cyclist 91
seconds after he meets the first. If the pedestrian moves in the same direction as
the cyclists, the first cyclist overtakes him 187 seconds before the second does.
Find the point where the first cyclist overtakes the second cyclist the first time.

(ESP 2) Construct a scalene triangle such that
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a(tanB —tanC) = b(tanA — tanC).

(ESP 3) Find a sequence of natural numbers a; such that a; = Ziﬁ d,, where
d, # d for r # s and d, divides a;.

(ESP 4) Let P be a convex planar polygon with equal angles. Let /,...,[, be its
sides. Show that a necessary and sufficient condition for P to be regular is that
the sum of the ratios 1% (i=1,...,n; 41 =11) equals the number of sides.

(ESP 5) Let a,b,c be natural numbers such that a + b+ c = 2pq(p*° — ¢*°),
p > g being two given positive integers.

(a) Prove thatk =a’+ b3+ isnota prime number.

(b) Prove that if a- b - ¢ is maximum, then 1984 divides k.

(SWE 1) Let a,b,c be nonnegative integers such that a <b < ¢, 2b # a+c and
% is an integer. Is it possible to find three nonnegative integers d, e, and f
such that d < e < f, f # c, and such that a® + b> + > = d> + &> + *?

(SWE 2) Let a,b,c,d be a permutation of the numbers 1,9,8,4 and let n =
(10a + b)'%+4_Find the probability that 1984! is divisible by n.

(SWE 3) Let (a,)7 be a sequence such that a, < ;4 < a,+ ay, for all positive
integers n and m. Prove that < has a limit as n approaches infinity.

(USA 1) Determine the smallest positive integer m such that 529" +m - 132" is
divisible by 262417 for all odd positive integers n.

(USA 2) (SL84-20).

(USA 3) A fair coin is tossed repeatedly until there is a run of an odd number
of heads followed by a tail. Determine the expected number of tosses.

(USA 4) From a point P exterior to a circle K, two rays are drawn intersecting
K in the respective pairs of points A,A’ and B, B'. For any other pair of points
C,C’" on K, let D be the point of intersection of the circumcircles of triangles
PAC and PB'C’ other than point P. Similarly, let D’ be the point of intersection
of the circumcircles of triangles PA’C’ and PBC other than point P. Prove that
the points P, D, and D' are collinear.

(USA 5) (SL84-18).

(USS 1) For a matrix (p; j) of the format m x n with real entries, set

n m
ai=Y pij fori=1,....m and bj=) p;; forj=1,....n. (1)
Jj=1 i=1

By integering a real number we mean replacing the number with the integer
closest to it.

Prove that integering the numbers a;,b;, p;; can be done in such a way that (1)
still holds.
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(USS 2) A tetrahedron is inscribed in a sphere of radius 1 such that the center
of the sphere is inside the tetrahedron.
Prove that the sum of lengths of all edges of the tetrahedron is greater than 6.

(USS 3) (SL84-3).

Original formulation. All the divisors of a positive integer n arranged in in-
creasing order are x; < xp < --- < x;. Find all such numbers n for which
x% +xé —l=n.

(USS 4) With the medians of an acute-angled triangle another triangle is con-
structed. If R and R,,, are the radii of the circles circumscribed about the first and
the second triangle, respectively, prove that

5
Ry > gR.

(USS 5) In the Martian language every finite sequence of letters of the Latin
alphabet letters is a word. The publisher “Martian Words” makes a collection of
all words in many volumes. In the first volume there are only one-letter words, in
the second, two-letter words, etc., and the numeration of the words in each of the
volumes continues the numeration of the previous volume. Find the word whose
numeration is equal to the sum of numerations of the words Prague, Olympiad,
Mathematics.

3.25.3 Shortlisted Problems

1.

2.

3.

4.

(FRA 1) Find all solutions of the following system of n equations in n variables:
xilxi| = (1 —a)|xi —a| =x2x ],
xx| = (n—a)|x —a| = x3x3],
Xn|xXn| = (xn — a)|xn — a| = x1|x1,

where a is a given number.

(CAN 2) Prove:

(a) There are infinitely many triples of positive integers m, n, p such that 4mn —
m—n=p>—1.

(b) There are no positive integers m, n, p such that 4mn —m —n = p?.

(USS 3) Find all positive integers n such that
n=d:+d>—1,
where | =d; < dp < --- < d; = n are all positive divisors of the number 7.

(MNG 1)™95 Let d be the sum of the lengths of all diagonals of a convex poly-
gon of n (n > 3) vertices and let p be its perimeter. Prove that

Fesa(EF]2)
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5. (FRG 1)™O! Let x,y,z be nonnegative real numbers with x +y+z = 1. Show
that

7
0<xy+yz+zx—2xyz< 77

6. (CAN 3) Let ¢ be a positive integer. The sequence { f; } is defined as follows:

fi=1, o=c, fur1=2fn—fo1+2 (nZZ)

Show that for each k € N there exists € N such that f; fi 1 = f;.

7. (FRGS)
(a) Decide whether the fields of the 8 x 8 chessboard can be numbered by the
numbers 1,2, ...,64 in such a way that the sum of the four numbers in each

of its parts of one of the forms

is divisible by four.
(b) Solve the analogous problem for

8. (ROU 2)™93 n a plane two different points O and A are given. For each point
X # O of the plane denote by ¢(X) the angle AOX measured in radians (0 <
0(X) < 2m) and by C(X) the circle with center O and radius OX + %. Suppose
each point of the plane is colored by one of a finite number of colors. Show that
there exists a point X with a(X) > 0 such that its color appears somewhere on

the circle C(X).

9. (POL 2) Let a,b,c be positive numbers with \/a + /b + /c = ‘/T§ Prove that
the system of equations

Vy—a++yz—a=1,
Vi—=b++Vx—-b=1,
Vx—c+y—c=1,

has exactly one solution (x,y,z) in real numbers.

10. (UNK 1) Prove that the product of five consecutive positive integers cannot be
the square of an integer.

11. (CAN1) Letn be anatural number and a;,ay, . .. ,ay, mutually distinct integers.
Find all integers x satisfying

(x—ar)- (x—a)-- (x—az) = (~1)"(n!)".
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(NLD 1)M©2 Find two positive integers a,b such that none of the numbers
a,b,a+bis divisible by 7 and (a+b)” — a’ — b’ is divisible by 7.

(BGR 5) Prove that the volume of a tetrahedron inscribed in a right circular
cylinder of volume 1 does not exceed %

(ROU 5)™MO4 [ et ABCD be a convex quadrilateral for which the circle with
diameter AB is tangent to the line CD. Show that the circle with diameter CD is
tangent to the line AB if and only if the lines BC and AD are parallel.

(LUX 2) Angles of a given triangle ABC are all smaller than 120°. Equilateral
triangles AF B, BDC and CEA are constructed in the exterior of AABC.

(a) Prove that the lines AD, BE, and CF pass through one point S.

(b) Prove that SD+ SE+ SF = 2(SA+ SB+ SC).

(POL 1)™%6 [et a,b,c,d be odd positive integers such that a < b < ¢ < d,
ad =bc,and a+d = 2%, b+ ¢ = 2™ for some integers k and m. Prove thata = 1.

(FRG 3) In a permutation (xy,Xs,...,X,) of the set 1,2,...,n we call a pair
(xi,x;j) discordant if i < j and x; > x;. Let d(n, k) be the number of such permu-
tations with exactly k discordant pairs. Find d(n,2) and d(n,3).

(USA 5) Inside triangle ABC there are three circles ky, ky, k3 each of which is
tangent to two sides of the triangle and to its incircle k. The radii of ky, k;, k3 are
1, 4, and 9. Determine the radius of k.

(CAN 5) The triangular array (a,j) of numbers is given by a,; = 1/n, for
n=12,..., yi41 = ay_1 k — anj, for 1 <k < n— 1. Prove that the geometric
mean of the 1985th row is greater than 271984,

(USA 2) Determine all pairs (a,b) of positive real numbers with a # 1 such that

log,b < log,,(b+1).
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3.26 The Twenty-Sixth IMO
Joutsa, Finland, June 29-July 11, 1985

3.26.1 Contest Problems

First Day (July 4)

1. A circle whose center is on the side ED of the cyclic quadrilateral BCDE touches
the other three sides. Prove that EB+CD = ED.

2. Each of the numbers in the set N = {1,2,3,...,n — 1}, where n > 3, is colored
with one of two colors, say red or black, so that:
(i) i and n — i always receive the same color, and
(i) for some j € N relatively prime to n, i and | j — i| receive the same color for
allieN,i#j.
Prove that all numbers in N must receive the same color.
3. The weight w(p) of a polynomial p, p(x) = " ,ax’, with integer coefficients
a; is defined as the number of its odd coefficients. For i = 0,1,2,..., let ¢;(x) =
(1+x). Prove that for any finite sequence 0 < i; < i < --- < i, the inequality

w(gi, +- - +4qi,) > w(qiy)
holds.

Second Day (July 5)

4. Given a set M of 1985 positive integers, none of which has a prime divisor larger
than 26, prove that M has four distinct elements whose geometric mean is an
integer.

5. A circle with center O passes through points A and C and intersects the sides AB
and BC of the triangle ABC at points K and N, respectively. The circumscribed
circles of the triangles ABC and KBN intersect at two distinct points B and M.
Prove that LOMB = 90°.

6. The sequence f1, f>,..., fu,... of functions is defined for x > 0 recursively by

AW =5 () =50 B0+ ).

Prove that there exists one and only one positive number @ such that 0 < f;,(a) <
Sfu+1(a) < 1 for all integers n > 1.

3.26.2 Longlisted Problems

1. (AUS 1) (SL85-4).
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. (AUS 2) We are given a triangle ABC and three rectangles R, R, R3 with sides

parallel to two fixed perpendicular directions and such that their union covers
the sides AB,BC, and CA; i.e., each point on the perimeter of ABC is contained
in or on at least one of the rectangles. Prove that all points inside the triangle are
also covered by the union of Ry, R;, R3.

. (AUS 3) A function f has the following property: If k > 1, j > 1, and (k, j) = m,

then f(kj) = f(m) (f(k/m)+ f(j/m)). What values can f(1984) and f(1985)
take?

. (BEL 1) Letux, y, and z be real numbers satisfying x + y + z = xyz. Prove that

(1 =) (1=22) +y(1 =22)(1 =2%) +2(1 =) (1 —y) = 4ayz.

. (BEL 2) (SL85-16).

. (BEL 3) On a one-way street, an unending sequence of cars of width a, length

b passes with velocity v. The cars are separated by the distance c. A pedestrian
crosses the street perpendicularly with velocity w, without paying attention to
the cars.
(a) What is the probability that the pedestrian crosses the street uninjured?
(b) Can he improve this probability by crossing the road in a direction other
than perpendicular?

. (BRA 1) A convex quadrilateral is inscribed in a circle of radius 1. Prove that

the difference between its perimeter and the sum of the lengths of its diagonals
is greater than zero and less than 2.

. (BRA 2) Let K be a convex set in the xy-plane, symmetric with respect to the

origin and having area greater than 4. Prove that there exists a point (m,n) #
(0,0) in K such that m and n are integers.

. (BRA 3) (SL85-2).
10.
1.

(BGR 1) (SL85-13).
(BGR 2) Leta and b be integers and n a positive integer. Prove that

b"a(a+b)(a+2b)---(a+(n—1)b)
n!

is an integer.
(CAN 1) Find the maximum value of

sin? 0 + sin? 0+ + sin® 0,
subject to the restrictions 0 < 6; <7, 0, + 6, +---+ 6, =T.

(CAN 2) Find the average of the quantity

(@1 —a2)*+ (a2 —as3)’+ -+ (an_1 — an)’

taken over all permutations (ay,as,...,a,) of (1,2,....n).
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(CAN 3) Let k be a positive integer. Define ug = 0, u; = 1, and u, = ku,—| —
uy—n, n > 2. Show that for each integer n, the number u? + u% 4+ uﬁ is a
multiple of u; +uy+ -+ -+ uy,.

(CAN 4) Superchess is played on a 12 x 12 board, and it uses superknights,
which move between opposite corner cells of any 3 x 4 subboard. Is it possible
for a superknight to visit every other cell of a superchessboard exactly once and
return to its starting cell?

(CANS5) (SL85-18).

(CUB 1) Set
> 8
A, = —.
k=1 2t
Find lim,,_... A,,.

(CYP 1) The circles (R,r) and (P,p), where r > p, touch externally at A. Their
direct common tangent touches (R, r) at B and (P,p) at C. The line RP meets the
circle (P, p) again at D and the line BC at E. If |BC| = 6|DE]|, prove that:
(a) the lengths of the sides of the triangle RBE are in an arithmetic progression,
and
(b) |AB| = 2|AC].

(CYP 2) Solve the system of simultaneous equations

Vi—1/y — 2w 4+ 3z =1,
x+ 1/y* — 4w? — 972 =3,
x/x — 1/y> — 8w + 2773 = -5,
¥+ 1/y* — 16w* — 8174 = 15.

(CZS 1) Let T be the set of all lattice points (i.e., all points with integer co-
ordinates) in three-dimensional space. Two such points (x,y,z) and (u,v,w) are
called neighbors if |x —u| + |y —v|+ |z— w| = 1. Show that there exists a subset
S of T such that for each p € T, there is exactly one point of § among p and its
neighbors.

(CZS 2) Let A be a set of positive integers such that for any two elements x,y
of A, [x—y| > % Prove that A contains at most nine elements. Give an example
of such a set of nine elements.

(CZS 3) (SL85-7).

(CZS 4) LetN={1,2,3,...}. Forreal x,y, set S(x,y) = {s | s = [nx+y],n € N}.
Prove that if r > 1 is a rational number, there exist real numbers u and v such
that

S(r,0)NS(u,v) =0, S(r,0) US(u,v) =N.

(FRA 1) Letd > 1 be an integer that is not the square of an integer. Prove that
for every integer n > 1,

(nVd +1)|sin(nmvd)| > 1.
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(FRA 2) Find eight positive integers ny,ns, . ..,ng with the following property:
For every integer k, —1985 < k < 1985, there are eight integers o, o, ..., 03,
each belonging to the set {—1,0, 1}, such that k = 2?:1 oyn;.

(FRA 3) (SL85-15).

(FRA 4) Let O be a point on the oriented Euclidean plane and (i,j) a directly
oriented orthonormal basis. Let C be the circle of radius 1, centered at O. For
every real number ¢ and nonnegative integer n let M,, be the point on C for which
(i,O—M,:> = c0s2"t (or O—M,; = cos?2"ti+ sin2"tj). Let k > 2 be an integer. Find
all real numbers ¢ € [0,27) that satisfy

(i) My = M, and

(i1) if one starts from M, and goes once around C in the positive direction, one

meets successively the points My, My, ... ,M;_»,Mj_1, in this order.

(FRG 1) Let M be the set of the lengths of an octahedron whose sides are
congruent quadrangles. Prove that M has at most three elements.

(FRG 1a) Let an octahedron whose sides are congruent quadrangles be given.
Prove that each of these quadrangles has two equal sides meeting at a common
vertex.

(FRG 2) Call a four-digit number (xyzt)p in the number system with base B
stable if (xyzt)p = (dcba)p — (abed)p, where a < b < ¢ < d are the digits of
(xyzt)p in ascending order. Determine all stable numbers in the number system
with base B.

(FRG 2a) The same problem with B = 1985.

(FRG 2b) With assumptions as in FRG 2, determine the number of bases B <
1985 such that there is a stable number with base B.

(UNK 1) A plane rectangular grid is given and a “rational point” is defined as
a point (x,y) where x and y are both rational numbers. Let A, B,A’, B’ be four
distinct rational points. Let P be a point such that ‘% = % = %. In other
words, the triangles ABP, A’B'P are directly or oppositely similar. Prove that
P is in general a rational point and find the exceptional positions of A" and B/

relative to A and B such that there exists a P that is not a rational point.

(UNK 2) Let E;, E>, and E3 be three mutually intersecting ellipses, all in the
same plane. Their foci are respectively F>, F3; F3, F; and Fi,F>. The three foci
are not on a straight line. Prove that the common chords of each pair of ellipses
are concurrent.

(UNK 3) A collection of 2n letters contains 2 each of n different letters. The col-
lection is partitioned into n pairs, each pair containing 2 letters, which may be the
same or different. Denote the number of distinct partitions by u,. (Partitions dif-
fering in the order of the pairs in the partition or in the order of the two letters in
the pairs are not considered distinct.) Prove that u, | = (n+ 1)u, — ”("; D, .
(UNK 3a) A pack of n cards contains n pairs of 2 identical cards. It is shuffled
and 2 cards are dealt to each of n different players. Let p, be the probability
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that every one of the n players is dealt two identical cards. Prove that =

pn+l
ntl _ n(n=1)
Pn 2pn—2*

(UNK 4) (SL85-12).
(UNK 5) (SL85-20).

(GDR 1) We call a coloring f of the elements in the set M = {(x,y) | x =
0,1,....,kn—1;y=0,1,...,In— 1} with n colors allowable if every color ap-
pears exactly k and / times in each row and column and there are no rectangles
with sides parallel to the coordinate axes such that all the vertices in M have the
same color. Prove that every allowable coloring f satisfies kI <n(n—+1).

(GDR 2) Determine whether there exist 100 distinct lines in the plane having
exactly 1985 distinct points of intersection.

(GDR 3) Prove that a triangle with angles «, 3,7, circumradius R, and area A
satisfies
B Y

tanz—&—tani—&—ta 5 ﬂ

(IRL 1) (SL85-21).
(IRL 2) Given a triangle ABC and external points X, Y, and Z such that {BAZ =

ACAY, LCBX = £ABZ, and LACY = £BCX, prove that AX,BY, and CZ are
concurrent.

(IRL 3) Each of the numbers x1,x,...,x, equals 1 or —1 and

X1X2X3X4 + X2X3X4X5 + + + + Xp—3Xp—2Xp— 1 X
FXp—2Xp— 1Xn X1 + Xp—1XpX1X2 + XX X2x3 = 0.

Prove that n is divisible by 4.
(IRL 4) (SL85-14).

(ISR 1) Prove that the product of two sides of a triangle is always greater than
the product of the diameters of the inscribed circle and the circumscribed circle.

(ISR 2) Suppose that 1985 points are given inside a unit cube. Show that one
can always choose 32 of them in such a way that every (possibly degenerate)
closed polygon with these points as vertices has a total length of less than 8+/3.

(ISR 3) (SL85-19).

(ITA 1) Two persons, X and Y, play with a die. X wins a game if the outcome is 1
or 2; Y wins in the other cases. A player wins a match if he wins two consecutive
games. For each player determine the probability of winning a match within 5
games. Determine the probabilities of winning in an unlimited number of games.
If X bets 1, how much must Y bet for the game to be fair?

(ITA 2) Let C be the curve determined by the equation y = x* in the rectangular
coordinate system. Let ¢ be the tangent to C at a point P of C; t intersects C at
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another point Q. Find the equation of the set L of the midpoints M of PQ as P
describes C. Is the correspondence associating P and M a bijection of C on L?
Find a similarity that transforms C into L.

(ITA 3) Let F be the correspondence associating with every point P = (x,y) the
point P' = (x',y’) such that

X =ax+b, y =ay+2b. (1)

Show that if @ # 1, all lines PP’ are concurrent. Find the equation of the set of
points corresponding to P = (1,1) for b = a*. Show that the composition of two
mappings of type (1) is of the same type.

(ITA 4) In a given country, all inhabitants are knights or knaves. A knight never
lies; a knave always lies. We meet three persons, A, B, and C. Person A says, “If
C is a knight, B is a knave.” Person C says, “A and I are different; one is a knight
and the other is a knave.” Who are the knights, and who are the knaves?

(MNG 1) (SL85-1).

(MNG 2) From each of the vertices of a regular n-gon a car starts to move with
constant speed along the perimeter of the n-gon in the same direction. Prove that
if all the cars end up at a vertex A at the same time, then they never again meet
at any other vertex of the n-gon. Can they meet again at A?

(MNG 3) Let fj = (a1,a2,...,a,), n > 2, be a sequence of integers. From fj
one constructs a sequence f; of sequences as follows: if f; = (c1,¢2,...,¢n),
then fi1 = (cij,ciy.ciy +1,¢i, +1,...,ci, + 1), where (c;,,ciy,...,cj,) is a per-
mutation of (cy,¢p,...,¢,). Give a necessary and sufficient condition for f
under which it is possible for f; to be a constant sequence (by,b,...,b,),
by =by=---=b,, for some k.

(MNG 4) In the triangle ABC, let B} be on AC, E on AB, G on BC, and let
EG be parallel to AC. Furthermore, let EG be tangent to the inscribed circle of
the triangle ABB; and intersect BB at F. Let r, r;, and r, be the inradii of the
triangles ABC, ABB1, and BF G, respectively. Prove that r = r| + 5.

(MNG 5) For each P inside the triangle ABC, let A(P), B(P), and C(P) be the
points of intersection of the lines AP, BP, and CP with the sides opposite to A,
B, and C, respectively. Determine P in such a way that the area of the triangle
A(P)B(P)C(P) is as large as possible.

(MAR 1) Set S, = ',;:1 (p° + p7). Determine the greatest common divisor of
S, and S3,,.

(MAR 2) The points A, B,C are in this order on line D, and AB = 4BC. Let M
be a variable point on the perpendicular to D through C. Let MT; and M7, be
tangents to the circle with center A and radius AB. Determine the locus of the
orthocenter of the triangle M7, T5.

(MAR 3) Let ABCD be a thombus with angle ZA = 60°. Let E be a point,
different from D, on the line AD. The lines CE and AB intersect at F. The lines
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DF and BE intersect at M. Determine the angle <BMD as a function of the
position of £ on AD.

(NLD 1) The solid S is defined as the intersection of the six spheres with the six
edges of a regular tetrahedron 7', with edge length 1, as diameters. Prove that S
contains two points at a distance %.

(NLD 1a) Using the same assumptions, prove that no pair of points in S has a
distance larger than %.

(NLD 2) Prove that there are infinitely many pairs (k,N) of positive integers
suchthat 1 +2+4---+k=(k+ 1)+ (k+2)+---+N.

(NLD 3) (SL85-3).

(NOR 1) The sequence (s,), where s, = ¥}_;sink, n=1,2,..., is bounded.
Find an upper and a lower bound.

(NOR 2) Consider the set A = {0,1,2,...,9} and let (B;,Ba,...,B) be a col-
lection of nonempty subsets of A such that B; N B; has at most two elements for
i # j. What is the maximal value of k?

(NOR 3) A “large” circular disk is attached to a vertical wall. It rotates clock-
wise with one revolution per minute. An insect lands on the disk and immediately
starts to climb vertically upward with constant speed £ cm per second (relative
to the disk). Describe the path of the insect

(a) relative to the disk;

(b) relative to the wall.

(POL 1) (SL85-6).

(POL 2) Let p be a prime. For which k can the set {1,2,...,k} be partitioned
into p subsets with equal sums of elements?

(POL 3) Define the functions f, F : N — N, by

Fln) = [3 _2\/§n] . F(k) = min{n € N|f*(n) > 0},

where fX = fo---o fis f iterated n times. Prove that F(k+2) = 3F(k+1) —
F (k) for all k € N.

(ROU 1) (SL85-5).

(ROU2) Letk>2andny,ny,...,n; > 1 be natural numbers having the property
ny |2M—1,n3|2" —1,...,n | 2" — 1, and ny | 2" — 1. Show that n; = ny =
==L

(ROU 3) Show that the sequence {a,},> defined by a, = [n/2] contains an
infinite number of integer powers of 2. ([x] is the integer part of x.)

(ROU 4) Let A and B be two finite disjoint sets of points in the plane such that
no three distinct points in A U B are collinear. Assume that at least one of the sets
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A, B contains at least five points. Show that there exists a triangle all of whose
vertices are contained in A or in B that does not contain in its interior any point
from the other set.

(ROU 5) Let C be a class of functions f : N — N that contains the functions
S(x) = x+1 and E(x) = x — [/x]? for every x € N. ([x] is the integer part of x.)
If C has the property that for every f,g € C, f+ g, fg, fog € C, show that the
function max(f(x) — g(x),0) is in C for all f,g € C.

(ROU 6) For every integer r > 1 find the smallest integer 4(r) > 1 having the
following property: For any partition of the set {1,2,...,h(r)} into r classes,
there exist integers a > 0, 1 < x <y such that the numbers a +x,a+y,a+x+y
are contained in the same class of the partition.

(ESP 1) Construct a triangle ABC given the side AB and the distance OH from
the circumcenter O to the orthocenter H, assuming that OH and AB are parallel.

(ESP 2) Let AjAy,B1B;,C1C, be three equal segments on the three sides of an
equilateral triangle. Prove that in the triangle formed by the lines B,Cy, A1,
Ay By, the segments B,Cy, C2A1, A»Bj are proportional to the sides in which they
are contained.

(ESP 3) Find the triples of positive integers x,y, z satisfying
1 1 1 4

x y z 5

(ESP 4) Let ABCD be a rectangle, AB = a, BC = b. Consider the family of
parallel and equidistant straight lines (the distance between two consecutive lines
being d) that are at an angle ¢, 0 < ¢ < 90°, with respect to AB. Let L be the
sum of the lengths of all the segments intersecting the rectangle. Find:

(a) how L varies,

(b) a necessary and sufficient condition for L to be a constant, and

(c) the value of this constant.

(SWE 1) Are there integers m and n such that
5m* — 6mn+ Tn* = 1985?

(SWE 2) Two equilateral triangles are inscribed in a circle with radius r. Let A
be the area of the set consisting of all points interior to both triangles. Prove that

24 > 12\/3.
(SWE 3) (SL85-17).
(SWE 4) Let a, b, and ¢ be real numbers such that

1 1 1

=0.
bc—a2+ca—b2+ab—c2

Prove that
a b c

(bc —a?)? * (ca—b?)? + (ab— 2)?

=0.
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(TUR1) LetE ={1,2,...,16} and let M be the collection of all 4 x 4 matrices
whose entries are distinct members of E. If a matrix A = (a;j)4x4 is chosen
randomly from M, compute the probability p(k) of max;min;a;; =k for k € E.
Furthermore, determine / € E such that p(I) = max{p(k) | k € E}.

(TUR 2) Given the side a and the corresponding altitude 5, of a triangle ABC,
find a relation between a and &, such that it is possible to construct, with straight-
edge and compass, triangle ABC such that the altitudes of ABC form a right tri-
angle admitting h, as hypotenuse.

(TUR 3) Find all cubic polynomials x* + ax? + bx + ¢ admitting the rational
numbers a, b, and ¢ as roots.

(TUR 4) LetI;, i=0,1,2,..., be a circle of radius r; inscribed in an angle of
measure 20 such that each I; is externally tangent to I;;; and ;1| < r;. Show
that the sum of the areas of the circles I; is equal to the area of a circle of radius

= %r‘o(\/m+ m)
(TUR 5) (SL85-8).

(USA 1) Let CD be a diameter of circle K. Let AB be a chord that is parallel
to CD. The line segment AE, with E on K, is parallel to CB; F is the point of
intersection of line segments AB and DE. The line segment F'G, with G on DC,
extended is parallel to CB. Is GA tangent to K at point A?

(USA 2) Let !/ denote the length of the smallest diagonal of all rectangles in-
scribed in a triangle 7. (By inscribed, we mean that all four vertices of the rect-
angle lie on the boundary of 7'.) Determine the maximum value of % taken
over all triangles (S(7') denotes the area of triangle T').

(USA 3) (SL85-9).

(USA 4) Determine the range of w(w +x)(w+y)(w+z), where x, y, z, and w
are real numbers such that

x+yt+ztw=x"+y +7 +w' =0.

(USA 5) Given that n elements ay, ay, ..., a, are organized into n pairs Py, P,
..., P, in such a way that two pairs P;, P; share exactly one element when (a;,a;)
is one of the pairs, prove that every element is in exactly two of the pairs.

(USS 1) Decompose the number 51985 _1intoa product of three integers, each
of which is larger than 5'%.

(USS 2) Thirty-four countries participated in a jury session of the IMO, each
represented by the leader and the deputy leader of the team. Before the meeting,
some participants exchanged handshakes, but no team leader shook hands with
his deputy. After the meeting, the leader of the Illyrian team asked every other
participant the number of people they had shaken hands with, and all the answers
she got were different. How many people did the deputy leader of the Illyrian
team greet?
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(USS 3) (SL85-11).

(USS 3a) Given six numbers, find a method of computing by using not more
than 15 additions and 14 multiplications the following five numbers: the sum of
the numbers, the sum of products of the numbers taken two at a time, and the
sums of the products of the numbers taken three, four, and five at a time.

(USS 4) The sphere inscribed in tetrahedron ABCD touches the sides ABD and
DBC at points K and M, respectively. Prove that L/AKB = £DMC.

(USS 5) (SL85-22).

(VNM 1) (SL85-10).

(VNM 1a) Prove that for each point M on the edges of a regular tetrahedron
there is one and only one point M’ on the surface of the tetrahedron such that
there are at least three curves joining M and M’ on the surface of the tetrahedron
of minimal length among all curves joining M and M’ on the surface of the
tetrahedron. Denote this minimal length by dj;. Determine the positions of M
for which dj, attains an extremum.

(VNM 2) Determine all functions f : R — R satisfying the following two con-
ditions:

(@) f(x+)+ F(x—y) = 2f(x)f(y) for all x,y € R,

(b) limy_e f(x) =0.

(VNM 3) In a plane a circle with radius R and center w and a line A are given.
The distance between w and A is d, d > R. The points M and N are chosen on A
in such a way that the circle with diameter MN is externally tangent to the given
circle. Show that there exists a point A in the plane such that all the segments
MN are seen in a constant angle from A.

3.26.3 Shortlisted Problems

Proposals of the Problem Selection Committee.

1.

(MNG 1)M%4 Given a set M of 1985 positive integers, none of which has a
prime divisor larger than 26, prove that the set has four distinct elements whose
geometric mean is an integer.

. (BRA 3) A polyhedron has 12 faces and is such that:

(i) all faces are isosceles triangles,

(i1) all edges have length either x or y,
(iii) at each vertex either 3 or 6 edges meet, and
(iv) all dihedral angles are equal.
Find the ratio x/y.

. (NLD 3)™93 The weight w(p) of a polynomial p, p(x) = 3, a;x’, with integer

coefficients g; is defined as the number of its odd coefficients. Fori =0,1,2,...,
let g;(x) = (1 +x)’. Prove that for any finite sequence 0 < ij < iy < --- < i, the
inequality
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w(gi, + - +qi,) > w(qi,)
holds.

. (AUS 1)MO2 Each of the numbers in the set N = {1,2,3,...,n— 1}, where n > 3,

is colored with one of two colors, say red or black, so that:
(i) 7 and n —i always receive the same color, and
(ii) for some j € N, relatively prime to n, i and |j — i| receive the same color
forallie N,i# j.
Prove that all numbers in N must receive the same color.

. (ROU 1) Let D be the interior of the circle C and let A € C. Show that the

function f: D — R, f(M) = &iyﬁ,“ , where M’ = (AMNC, is strictly convex; i.e.,

f(P) < w VYM|,M, € D, M| # M,, where P is the midpoint of the
segment M M,.

. (POL1) Letx,,:\2/2+\3/3+...+{’/ﬁ. Prove that

Xpp1 —Xn < n=273....

n!’

Alternatives

. 1a.(CZS 3) The positive integers x, ..., x,, n > 3, satisfy x; <xp < -+ <x, <

2x1. Set P = x1xp - - - x,. Prove that if p is a prime number, k a positive integer,
and P is divisible by pk, then p_f;‘ >nl.

. 1b.(TUR 5) Find the smallest positive integer n such that

(i) n has exactly 144 distinct positive divisors, and
(ii) there are ten consecutive integers among the positive divisors of n.

. 2a.(USA 3) Determine the radius of a sphere S that passes through the centroids

of each face of a given tetrahedron 7 inscribed in a unit sphere with center O.
Also, determine the distance from O to the center of S as a function of the edges
of T.

2b.(VNM 1) Prove that for every point M on the surface of a regular tetrahedron
there exists a point M’ such that there are at least three different curves on the
surface joining M to M’ with the smallest possible length among all curves on
the surface joining M to M’.

3a.(USS 3) Find a method by which one can compute the coefficients of P(x) =
X8 +a1x’ + -+ + ag from the roots of P(x) = 0 by performing not more than 15
additions and 15 multiplications.

3b.(UNK 4) A sequence of polynomials P, (x,y,z), m=0,1,2,...,inx, y, and
zis defined by Py(x,y,z) = | and by

Pm(xay7z) = (X‘FZ)()"FZ)mel(X,y,Z‘F 1) *ZZmel(x,y,Z)
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for m > 0. Prove that each P, (x,y,z) is symmetric, in other words, is unaltered
by any permutation of x,y, z.

4a.(BGR 1) Let m boxes be given, with some balls in each box. Let n < m be a
given integer. The following operation is performed: choose n of the boxes and
put 1 ball in each of them. Prove:

(a) If m and n are relatively prime, then it is possible, by performing the op-
eration a finite number of times, to arrive at the situation that all the boxes
contain an equal number of balls.

(b) If m and n are not relatively prime, there exist initial distributions of balls
in the boxes such that an equal distribution is not possible to achieve.

4b.(IRL 4) A set of 1985 points is distributed around the circumference of a
circle and each of the points is marked with 1 or —1. A point is called “good”
if the partial sums that can be formed by starting at that point and proceeding
around the circle for any distance in either direction are all strictly positive. Show
that if the number of points marked with —1 is less than 662, there must be at
least one good point.

5a.(FRA 3) Let K and K’ be two squares in the same plane, their sides of
equal length. Is it possible to decompose K into a finite number of triangles
1i,T>,...,T, with mutually disjoint interiors and find translations f1,1,...,1,
such that

5b.(BEL 2) If possible, construct an equilateral triangle whose three vertices
are on three given circles.

6a.(SWE 3)M%6 The sequence fi, f5, ..., fn,... of functions is defined for x > 0
recursively by

AW =5 o) =) (5047 ).

Prove that there exists one and only one positive number a such that 0 < f;,(a) <
Sfu+1(a) < 1 for all integers n > 1.

6b.(CAN 5) Letxy,x2,...,x, be positive numbers. Prove that

2 2 2 2
il X Xn—1 Xy
2 ) Tt 3 2 <n-—L
X{+x2X3 X5+ Xx3x4 X, HXpX1 XpFX1X2
Supplementary Problems

(ISR 3) For which integers n > 3 does there exist a regular n-gon in the plane
such that all its vertices have integer coordinates in a rectangular coordinate
system?
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20. (UNK 5)MO1 A circle whose center is on the side ED of the cyclic quadrilateral
BCDE touches the other three sides. Prove that EB+CD = ED.

21. (IRL 1) The tangents at B and C to the circumcircle of the acute-angled triangle
ABC meet at X. Let M be the midpoint of BC. Prove that
(a) /BAM = /CAX, and
(b) 4¥ = cos ZBAC.

22. (USS 5)™O5 A circle with center O passes through points A and C and intersects
the sides AB and BC of the triangle ABC at points K and N, respectively. The
circumscribed circles of the triangles ABC and KBN intersect at two distinct
points B and M. Prove that ZOMB = 90°.
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3.27 The Twenty-Seventh IMO
Warsaw, Poland, July 4-15, 1986

3.27.1 Contest Problems

First Day (July 9)

1. The set S ={2,5,13} has the property that for every a,b € S, a # b, the number
ab — 1 is a perfect square. Show that for every positive integer d not in S, the set
SU{d} does not have the above property.

2. Let A, B,C be fixed points in the plane. A man starts from a certain point P and
walks directly to A. At A he turns his direction by 60° to the left and walks to P,
such that PpA = AP;. After he performs the same action 1986 times successively
around the points A,B,C,A,B,C,..., he returns to the starting point. Prove that
ABC is an equilateral triangle, and that the vertices A, B, C are arranged counter-
clockwise.

3. To each vertex P; (i = 1,...,5) of a pentagon an integer x; is assigned, the sum
s = Y.x; being positive. The following operation is allowed, provided at least
one of the x;’s is negative: Choose a negative x;, replace it by —x;, and add the
former value of x; to the integers assigned to the two neighboring vertices of P,
(the remaining two integers are left unchanged).

This operation is to be performed repeatedly until all negative integers disappear.
Decide whether this procedure must eventually terminate.

Second Day (July 10)

4. Let A,B be adjacent vertices of a regular n-gon in the plane and let O be its
center. Now let the triangle ABO glide around the polygon in such a way that the
points A and B move along the whole circumference of the polygon. Describe
the figure traced by the vertex O.

5. Find, with proof, all functions f defined on the nonnegative real numbers and
taking nonnegative real values such that

@ ffWIfO) = flx+y),
(ii) f(2)=0but f(x) £Z0for0<x<2.

6. Prove or disprove: Given a finite set of points with integer coefficients in the
plane, it is possible to color some of these points red and the remaining ones
white in such a way that for any straight line L parallel to one of the coordinate
axes, the number of red colored points and the number of white colored points
on L differ by at most 1.
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3.27.2 Longlisted Problems

1.

(AUS 1) Letk be one of the integers 2,3,4 and let n = 2K — 1. Prove the inequal-

ity
1+ % 4 b > (14 ™)

for all real b > 0.

. (AUS 2) Let ABCD be a convex quadrilateral. DA and CB meet at F and AB

and DC meet at E. The bisectors of the angles DFC and AED are perpendicular.
Prove that these angle bisectors are parallel to the bisectors of the angles between
the lines AC and BD.

. (AUS 3) A line parallel to the side BC of a triangle ABC meets AB in F and AC

in E. Prove that the circles on BE and CF as diameters intersect in a point lying
on the altitude of the triangle ABC dropped from A to BC.

. (BEL 1) Find the last eight digits of the binary development of 2793,

5. (BEL 2) Let ABC and DEF be acute-angled triangles. Write d = EF, e = FD,

10.

1.
12.

13.

f = DE. Show that there exists a point P in the interior of ABC for which the
value of the expression d - AP+ ¢ - BP+ f - CP attains a minimum.

. (BEL 3) In an urn there are one ball marked 1, two balls marked 2, and so on,

up to n balls marked n. Two balls are randomly drawn without replacement. Find
the probability that the two balls are assigned the same number.

. (BGR 1) (SL86-11).
. (BGR 2) (SL86-19).
. (CAN 1) In a triangle ABC, ZBAC = 100°, AB = AC. A point D is chosen on

the side AC such that ZABD = ZCBD. Prove that AD + DB = BC.

(CAN 2) A set of n standard dice are shaken and randomly placed in a straight
line. If n < 2r and r < s, then the probability that there will be a string of at least
r, but not more than s, consecutive 1’s can be written as P/ 62, Find an explicit
expression for P.

(CAN 3) (SL86-20).

(CHN 1) Let O be an interior point of a tetrahedron AjAA3A4. Let §1,95,
S3,S54 be spheres with centers Aj,A»,A3, A4, respectively, and let U,V be spheres
with centers at O. Suppose that for i, j = 1,2,3,4, i # j, the spheres S; and S
are tangent to each other at a point B;; lying on A;A;. Suppose also that U is
tangent to all edges A;A; and V is tangent to the spheres Sy, S, 3, S4. Prove that
A1A>A3A4 is a regular tetrahedron.

(CHN 2) Let N ={1,2,...,n}, n > 3. To each pair i, j of elements of N, i #
J, there is assigned a number f;; € {0,1} such that fi; 4+ f;; = 1. Let r(i) =
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Y+ fij and write M = max;ey (i), m = min;ey r(i). Prove that for any w € N
with r(w) = m there exist u,v € N such that r(u) = M and fy,, firy = 1.
(CHN 3) (SL86-17).

(CHN4) LetN = B{U---UB, be a partition of the set N of all positive integers
and let an integer / € N be given. Prove that there exist a set X C N of cardinality
[, an infinite set 7 C N, and an integer k with 1 < k < g such that forany t € T
and any finite set Y C X, the sum 7+ ¥,y y belongs to By.

(CZS 1) Given a positive integer k, find the least integer n; for which there exist
five sets S, S2, S3, S4, S5 with the following properties:

5
Us,
j=1

|SiﬂS,’+1| :0:|S50S1|, fori=1,...,4.

ISjl =k forj=1,...,5, =ny;

(CZS 2) We call a tetrahedron right-faced if each of its faces is a right-angled
triangle.
(a) Prove that every orthogonal parallelepiped can be partitioned into six right-
faced tetrahedra.
(b) Prove that a tetrahedron with vertices Aj,A,,A3,A4 is right-faced if and
only if there exist four distinct real numbers ¢y, ¢3, ¢3, and ¢4 such that the
edges A jAx have lengths A jAy = +/|cj —c| for 1 < j <k <4.

(CZS 3) (SL86-4).
(FIN 1) Let f:[0,1] — [0, 1] satisfy £(0) =0, f(1) =1 and

fe+y) = f(x) = f(x) = flx =)
for all x,y > 0 with x — y,x+y € [0, 1]. Prove that f(x) = x for all x € [0, 1].

(FIN 2) For any angle o with 0 < o < 180°, we call a closed convex planar
set an o-set if it is bounded by two circular arcs (or an arc and a line segment)
whose angle of intersection is ¢c. Given a (closed) triangle 7', find the greatest o
such that any two points in 7" are contained in an ¢-set S C T'.

(FRA 1) Let AB be a segment of unit length and let C, D be variable points of
this segment. Find the maximum value of the product of the lengths of the six
distinct segments with endpoints in the set {A,B,C,D}.

(FRA 2) Let (an),en be the sequence of integers defined recursively by ap = 0,
a; =1, ayyp = 4a,41 + a, for n > 0. Find the common divisors of ajggs and
a6891 -

(FRA 3) Let I and J be the centers of the incircle and the excircle in the angle
BAC of the triangle ABC. For any point M in the plane of the triangle, not on
the line BC, denote by Iy and Jy; the centers of the incircle and the excircle
(touching BC) of the triangle BCM. Find the locus of points M for which 11y;JJy
is a rectangle.
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(FRA 4) Two families of parallel lines are given in the plane, consisting of 15
and 11 lines, respectively. In each family, any two neighboring lines are at a unit
distance from one another; the lines of the first family are perpendicular to the
lines of the second family. Let V be the set of 165 intersection points of the lines
under consideration. Show that there exist not fewer than 1986 distinct squares
with vertices in the set V.

(FRA 5) (SL86-7).
(FRG 1) (SL86-5).
(FRG 2) In an urn there are n balls numbered 1,2, ..., n. They are drawn at ran-
dom one by one without replacement and the numbers are recorded. What is the

probability that the resulting random permutation has only one local maximum?
A term in a sequence is a local maximum if it is greater than all its neighbors.

(FRG 3) (SL86-13).

(FRG 4) We define a binary operation % in the plane as follows: Given two
points A and B in the plane, C = A B is the third vertex of the equilateral triangle
ABC oriented positively. What is the relative position of three points 7, M, O in
the plane if I x (M * O) = (O 1) x M holds?

(FRG 5) Prove that a convex polyhedron all of whose faces are equilateral
triangles has at most 30 edges.

(UNK 1) Let P and Q be distinct points in the plane of a triangle ABC such
that AP : AQ = BP : BQ = CP : CQ. Prove that the line PQ passes through the
circumcenter of the triangle.

(UNK 2) Find, with proof, all solutions of the equation )1—( + % - % = 1 in positive
integers x,y, Z.

(UNK 3) (SL86-1).

(UNK 4) For each nonnegative integer n, Fy,(x) is a polynomial in x of degree n.
Prove that if the identity

R = 3 (7)o

holds for each n, then

for each n and all 7.

(UNK 5) Establish the maximum and minimum values that the sum |a|+|b|+|c|
can have if a, b, ¢ are real numbers such that the maximum value of |ax2 +bx+c|
islfor—1<x<1.

(GDR 1) (SL86-9).
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(GDR 2) Prove that the set {1,2,...,1986} can be partitioned into 27 disjoint
sets so that none of these sets contains an arithmetic triple (i.e., three distinct
numbers in an arithmetic progression).

(GDR 3) (SL86-12).
(HEL 1) Let S be a k-element set.
(a) Find the number of mappings f : S — § such that

() f(x) #xforxe S, (i) f(f(x)) =xforxeS.

(b) The same with the condition (i) left out.

(HEL 2) Find the maximum value that the quantity 2m + 7n can have such that
there exist distinct positive integers x; (1 < i <m), y; (1 < j <n) such that the
x;’s are even, the y;’s are odd, and X" | x; —|—Z?=1yj = 1986.

(HEL 3) Let M,N,P be the midpoints of the sides BC, CA, AB of a triangle
ABC. The lines AM, BN, CP intersect the circumcircle of ABC at points A’, B',C’,
respectively. Show that if A’B’C’ is an equilateral triangle, then so is ABC.

(HUN 1) The integers 1,2, ...,n? are placed on the fields of an n x n chessboard
(n > 2) in such a way that any two fields that have a common edge or a vertex
are assigned numbers differing by at most n+ 1. What is the total number of
such placements?

(HUN 2) (SL86-10).
(IRL 1) (SL86-14).
(IRL 2) Given n real numbers a; < ay < --- < a,, define

1 2
My ==Y ai, My= Y. aiaj, Q=\/M}—M,.
1 ni:lah 2 n(n—l) aiaj, Q 1 2

1<i<j<n
Prove that
ar <M —Q<M+Q0<ay,
and that equality holds if and only if a; = ap = --- = a,.

(IRL 3) We wish to construct a matrix with 19 rows and 86 columns, with
entries x;; € {0,1,2} (1 <i <19, 1 < j <86), such that:

(i) in each column there are exactly k terms equal to 0;

(ii) for any distinct j,k € {1,...,86} thereisi € {1,...,19} with x;; + x5 = 3.
For what values of £ is this possible?

(ISL 1) (SL86-16).

(ISL 2) Let P be a convex 1986-gon in the plane. Let A, D be interior points
of two distinct sides of P and let B,C be two distinct interior points of the line
segment AD. Starting with an arbitrary point Q; on the boundary of P, define
recursively a sequence of points Q, as follows: given Q, extend the directed line
segment O, B to meet the boundary of P in a point R, and then extend R, C to
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meet the boundary of P again in a point, which is defined to be Q,, 1. Prove that
for all n large enough the points Q,, are on one of the sides of P containing A or
D.

(ISL 3) Let Cy,C; be circles of radius 1/2 tangent to each other and both tangent
internally to a circle C of radius 1. The circles C; and C; are the first two terms
of an infinite sequence of distinct circles G, defined as follows: G, is tangent
externally to C, and C,;; and internally to C. Show that the radius of each C, is
the reciprocal of an integer.

(LUX 1) Let D be the point on the side BC of the triangle ABC such that AD is
the bisector of ZCAB. Let I be the incenter of AABC.
(a) Construct the points P and Q on the sides AB and AC, respectively, such
that PQ is parallel to BC and the perimeter of the triangle APQ is equal to
k- BC, where k is a given rational number.
(b) Let R be the intersection point of PQ and AD. For what value of k does the
equality AR = RI hold?
(¢) In which case do the equalities AR = RI = ID hold?

(MNG 1) Leta,b,c,d be the lengths of the sides of a quadrilateral circumscribed
about a circle and let S be its area. Prove that S < v/abcd and find conditions for
equality.

(MNG 2) Solve the system of equations

tanx; 4+ cotx; = 3tanxy,
tanx, + cotx, = 3tanxs,

tanx, + cotx, = 3tanxj.

(MNG 3) For given positive integers r,v,n let S(r,v,n) denote the number of n-

tuples of nonnegative integers (xi,...,x,) satisfying the equation x| +--- +x, =
r and such that x; <v fori=1,...,n. Prove that
& n\ (r—(v+1k+n—1
N ) Yy = —1 k )
=30 (3) (70

where m = min {n, [ 2] }.

(MNG 4) Find the least integer n with the following property: For any set V of 8
points in the plane, no three lying on a line, and for any set £ of n line segments
with endpoints in V, one can find a straight line intersecting at least 4 segments
in E in interior points.

(MING 5) Given an integer n > 2, determine all n-digit numbers My =aa; - - - a,
(ai #0, i = 1,2,...,n) divisible by the numbers M| = aas...aa;, My =
azay...apa\as, ..., M, | =a,a\a;...a,_|.

(MAR 1) Let AjA2A3A4A5A¢ be a hexagon inscribed into a circle with center O.
Consider the circular arc with endpoints A, Ag not containing A,. For any point
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M of that arc denote by h; the distance from M to the line A;A; | (1 <i<5).
Construct M such that the sum /| + - - - + h5 is maximal.

(MAR 2) In a triangle ABC, the incircle touches the sides BC, CA, AB in the
points A’, B',C’, respectively; the excircle in the angle A touches the lines con-
taining these sides in A, By, C}, and similarly, the excircles in the angles B and C
touch these lines in A, B>, C,> and A3, B3, C3. Prove that the triangle ABC is right-
angled if and only if one of the point triples (A’, B3,C’), (A3,B',C3), (A',B',C,),
<A27B2,C/), (Az,Bl,Cz), (A3,B3,C1), (A],Bz,cl), (A],B]7C3) is collinear.

(NLD 1) (SL86-6).
(NLD 2) (SL86-15).
(NLD 3) Prove the inequality

(—a+b+c)*(a—b+c)*(a+b—c)
> (—d® + b+ P)(d> =+ ) a*+ b — )

for all real numbers a, b, c.

(ROU 1) Given a positive integer n, find the greatest integer p with the property
that for any function f : P(X) — C, where X and C are sets of cardinality n and
p, respectively, there exist two distinct sets A, B € P(X) such that f(A) = f(B) =
f(AUB). (P(X) is the family of all subsets of X.)

(ROU 2) Determine all pairs of positive integers (x,y) satisfying the equation
p°—y3 =1, where p is a given prime number.

(ROU 3) Let AA’, BB',CC’ be the bisectors of the angles of a triangle ABC (A’ €
BC, B’ € CA, C' € AB). Prove that each of the lines A’B’, B'C’, C'A’ intersects the
incircle in two points.

(ROU 4) Let (ay,),en be the sequence of integers defined recursively by a; =
ay =1, ap12 ="7a,41 —a, — 2 for n > 1. Prove that a, is a perfect square for
every n.

(ROU 5) Let AjA2A3A4 be a quadrilateral inscribed in a circle C. Show that
there is a point M on C such that MA; — MA, + MA3 — MA4 = 0.

(SWE 1) One hundred red points and one hundred blue points are chosen in the
plane, no three of them lying on a line. Show that these points can be connected
pairwise, red ones with blue ones, by disjoint line segments.

(SWE 2) (SL86-2).

(SWE 3) Consider the equation X+ ax® + bx* 4+ ax+ 1 = 0 with real coeffi-
cients a,b. Determine the number of distinct real roots and their multiplicities
for various values of a and b. Display your result graphically in the (a,b) plane.

(TUR 1) (SL86-18).
(TUR 2) (SL86-21).
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71. (TUR 3) Two straight lines perpendicular to each other meet each side of a
triangle in points symmetric with respect to the midpoint of that side. Prove that
these two lines intersect in a point on the nine-point circle.

72. (TUR 4) A one-person game with two possible outcomes is played as follows:
After each play, the player receives either a or b points, where a and b are inte-
gers with 0 < b < a < 1986. The game is played as many times as one wishes
and the total score of the game is defined as the sum of points received after
successive plays. It is observed that every integer x > 1986 can be obtained as
the total score whereas 1985 and 663 cannot. Determine a and b.

73. (TUR 5) Let (a;);en be a strictly increasing sequence of positive real numbers
such that lim; .. a; = +e and a;;1/a; < 10 for each i. Prove that for every
positive integer k there are infinitely many pairs (i, j) with 10X < a;/a; < 105+

74. (USA 1) (SL86-8).
Alternative formulation. Let A be a set of n points in space. From the family
of all segments with endpoints in A, g segments have been selected and colored
yellow. Suppose that all yellow segments are of different length. Prove that there
exists a polygonal line composed of m yellow segments, where m > z—n", arranged
in order of increasing length.

75. (USA 2) The incenter of a triangle is the midpoint of the line segment of length 4
joining the centroid and the orthocenter of the triangle. Determine the maximum
possible area of the triangle.

76. (USA 3) (SL86-3).
77. (USS 1) Find all integers x,y, z that satisfy

x3+y3+z3:x+y+z:8.

78. (USS 2) If T and T; are two triangles with angles x,y,z and x1,y;,z;, respec-
tively, prove the inequality

COSXq COS Y1 COS 71
+ +

p - - < cotx 4 coty + cotz.
sinx siny sing

79. (USS 3) Let AA|,BB;,CC be the altitudes in an acute-angled triangle ABC. K
and M are points on the line segments A|C; and BC| respectively. Prove that if
the angles MAK and CAA| are equal, then the angle C; KM is bisected by AK.

80. (USS 4) Let ABCD be a tetrahedron and O its incenter, and let the line OD be
perpendicular to AD. Find the angle between the planes DOB and DOC.

3.27.3 Shortlisted Problems

1. (UNK 3)™O5 Find, with proof, all functions f defined on the nonnegative real
numbers and taking nonnegative real values such that

Q) flxfWIfO) = flx+y),
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(i) f(2)=0but f(x) #0 for 0 < x < 2.

. (SWE 2) Let f(x) = x" where n is a fixed positive integer and x = 1,2,... . Is

the decimal expansiona = 0.f(1) f(2)f(3) ... rational for any value of n?

The decimal expansion of a is defined as follows: If f(x) = d;(x)d2(x)...
-.dy(y)(x) is the decimal expansion of f(x), then

a=0.1d1(2)d2(2)...dyo) (2 (3) ... dy3) (3 (4) ...

. (USA 3) Let A, B, and C be three points on the edge of a circular chord such
that B is due west of C and ABC is an equilateral triangle whose side is 86
meters long. A boy swam from A directly toward B. After covering a distance
of x meters, he turned and swam westward, reaching the shore after covering a
distance of y meters. If x and y are both positive integers, determine y.

. (CZS 3) Let n be a positive integer and let p be a prime number, p > 3. Find
at least 3(n+ 1) [easier version: 2(n + 1)] sequences of positive integers x,y,z
satisfying

xyz=pt(x+y+2)
that do not differ only by permutation.
. (FRG 1)™O! The set § = {2,5, 13} has the property that for every a,b € S, a # b,

the number ab — 1 is a perfect square. Show that for every positive integer d not
in S, the set SU {d} does not have the above property.

. (NLD 1) Find four positive integers each not exceeding 70000 and each having
more than 100 divisors.

. (FRA 5) Let real numbers x,x3,...,x, satisfy 0 < x; <xp < --- <x, <1 and
set xo = 0, x,11 = 1. Suppose that these numbers satisfy the following system
of equations:

n+1 1
=0 wherei=1,2,...,n. (1)
J=0.# M TN
Prove thatx, . 1_;=1—x;fori=1,2,...,n.

. (USA 1) From a collection of n persons ¢ distinct two-member teams are se-
lected and ranked 1, ...,q (no ties). Let m be the least integer larger than or equal
to 2q/n. Show that there are m distinct teams that may be listed so that (i) each
pair of consecutive teams on the list have one member in common and (ii) the
chain of teams on the list are in rank order.

Alternative formulation. Given a graph with n vertices and ¢ edges numbered
1,...,q, show that there exists a chain of m edges, m > %—f, each two consecu-
tive edges having a common vertex, arranged monotonically with respect to the
numbering.

. (GDR 1)™%6 Prove or disprove: Given a finite set of points with integer co-
ordinates in the plane, it is possible to color some of these points red and the
remaining ones white in such a way that for any straight line L parallel to one of
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the coordinate axes, the number of red colored points and the number of white
colored points on L differ by at most 1.

(HUN 2) Three persons A, B,C, are playing the following game: A k-element
subset of the set {1,...,1986} is randomly chosen, with an equal probability
of each choice, where k is a fixed positive integer less than or equal to 1986.
The winner is A, B or C, respectively, if the sum of the chosen numbers leaves a
remainder of 0, 1, or 2 when divided by 3. For what values of k is this game a
fair one? (A game is fair if the three outcomes are equally probable.)

(BGR 1) Let f(n) be the least number of distinct points in the plane such that
for each k = 1,2,...,n there exists a straight line containing exactly k of these
points. Find an explicit expression for f(n).

Simplified version. Show that f(n) = [%£] [22] ([x] denoting the greatest in-
teger not exceeding x).

(GDR 3)MO3 Tg each vertex P; (i=1,...,5) of a pentagon an integer x; is as-
signed, the sum s = Y x; being positive. The following operation is allowed, pro-
vided at least one of the x;’s is negative: Choose a negative x;, replace it by —x;,
and add the former value of x; to the integers assigned to the two neighboring
vertices of P; (the remaining two integers are left unchanged).

This operation is to be performed repeatedly until all negative integers disappear.
Decide whether this procedure must eventually terminate.

(FRG 3) A particle moves from (0,0) to (n,n) directed by a fair coin. For each
head it moves one step east and for each tail it moves one step north. At (n,y),
y < n, it stays there if a head comes up and at (x,n), x < n, it stays there if a tail
comes up. Let k be a fixed positive integer. Find the probability that the particle
needs exactly 2n + k tosses to reach (n,n).

(IRL 1) The circle inscribed in a triangle ABC touches the sides BC,CA,AB in
D,E F, respectively, and XY, Z are the midpoints of EF, FD,DE, respectively.
Prove that the centers of the inscribed circle and of the circles around XYZ and
ABC are collinear.

(NLD 2) Let ABCD be a convex quadrilateral whose vertices do not lie on a
circle. Let A’B'C’'D’ be a quadrangle such that A’,B’,C’,D’ are the centers of
the circumcircles of triangles BCD,ACD,ABD, and ABC. We write T (ABCD) =
A’B'C'D’. Let us define A”B"C"D" = T(A'B'C'D’) = T(T (ABCD)).
(a) Prove that ABCD and A”B"C"D" are similar.
(b) The ratio of similitude depends on the size of the angles of ABCD. Deter-
mine this ratio.

(ISL 1)™O% Let A, B be adjacent vertices of a regular n-gon in the plane and
let O be its center. Now let the triangle ABO glide around the polygon in such a
way that the points A and B move along the whole circumference of the polygon.
Describe the figure traced by the vertex O.
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(CHN 3)MO2 L et A, B, C be fixed points in the plane. A man starts from a certain
point Py and walks directly to A. At A he turns his direction by 60° to the left and
walks to P; such that Ph)A = AP;. After he does the same action 1986 times suc-
cessively around the points A,B,C,A,B,C,..., he returns to the starting point.
Prove that AABC is equilateral and that the vertices A, B,C are arranged coun-
terclockwise.

(TUR 1) Let AX,BY,CZ be three cevians concurrent at an interior point D of
a triangle ABC. Prove that if two of the quadrangles DYAZ,DZBX ,DXCY are
circumscribable, so is the third.

(BGR 2) A tetrahedron ABCD is given such that AD = BC = a; AC = BD = b;
AB-CD = ¢*. Let f(P) = AP+ BP+ CP + DP, where P is an arbitrary point in
space. Compute the least value of f(P).

(CAN 3) Prove that 